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Abstract

In this paper, We consider the M /M /1 queue with a server working vacations and a
waiting server with setup times. Using quasi birth and death process and matrix -
geometric method, we give the distributions for the number of customers and the waiting
time in the system in steady state. Furthermore, we obtain expected busy period. Finally,
we get the stochastic decomposition structures of stationary indices.
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Introduction

In many real time situations, the server in the background queueing model many
become unavailable for a random period of time to perform a secondary task, when there
are no customers in the waiting time at the service completion epoch. Such period of
server absence is termed as server vacation. Queueing models a subject to various polices
are of interest to researchers in recent times owing to their widespread applicability. There
are different types of vacation queueing systems. In the single vacation scheme, the server
takes a vacation, of some random duration when the queue is empty. At the end of the
vacation, the server returns to the queue. The server resumes service if there is at least one
customer waiting upon his return from vacation. However, if the queue is empty on the
server's return, the server waits to complete a busy period. In multiple vacation scheme, if
the server returns from a vacation and finds the queue empty, he immediately commences
another vacation. If there is at least one waiting waiting customer, then he will commence
the service.

Queueing model subject to single or multiple exponential vacation are apt to
model many practical scenarios[2,7,3].Vacation models are queueing systems in which
servers may become unavailable for a period of time. In telecommunication systems, this
period of absence may represent the server's working on some secondary job. In
manufacturing systems, these unavailable periods may represent performing maintenance
activities. Queues with server vacations have been extensively in the past, and have been
successfully used in various applied problems. in the classical vacation queueing models,
authors assumed the server is not available to serve customers during a vacation period.
queueing systems with server vacations are manufacturing systems, and so on. A
comprehensive and detailed review of the survey by Doshi [1]and Ke et al. [4]and the
books by Takagi [10] and Tian and Zhang et al. [11,12]

Recall that in the multiple vacation queueing system it is assumed that the
vacation times are independent and identically distributed. However, there are practical
environments. Where this assumption may not be valid. Specifically, a vacation taken
after a hard day's work during which many customers have been served may be longer
than a vacation taken after the server returns from vacation and finds the queue empty.
Servi and Finn [9]studied an M/M/1 queue. with multiple working vacations, and
obtained the PGF of the number of customers in the system and the LST of waiting time
distribution, and applied the results of performance analysis of gateway router in fiber
communication networks. On the basis of Servi and Finn (2002), Liu et al [6] gave simple
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explicit expressions of distributions for the stationary queue length and waiting time and
stochastic decomposition structures of stationary indices.

In this paper, we investigate an M/M/1 queue with a server vacations and a
waiting server with setup times. Customers that see the off server waits at the server and
the server is turned on. However, the server needs some setup time to be active so as to
server the waiting customer.

The rest of this paper is organized as follows. In section 2 we establish the
model. In section 3, we get the balance equations and derive the probability generating
function of the number of customers. Various performance measures of this model are
discussed in section 4. Section 3 presents some numerical examples. Finally, Section
concludes the paper.

Model Formulation

Consider an M /M /1 queueing system with first come first server discipline.
customers arrive according to a Poisson process with rate A. Upon the arrival of
customers, if the server is free, arriving customers get service immediately. Customer
service times are independently and identically distributed exponential random variables
with parameter u. At the end of each busy period, the server waits for a random amount of
time before proceeding on a working vacation. This random waiting time of the server is
assumed to be exponentially distributed with a parameter #,. The server begins a working
vacation follows an exponential distribution with parameter y. During a working vacation,
arriving customers are served at a rate p,(u, < u) according to arrival order. When a
vacation ends, the server begins a closed-down period. During a closed-down period, an
arriving customer cannot be served immediately and experiences a period of setup time,
set-up duration follows an exponential distribution with parameter § and a regular busy
period starts after a busy period. We assume that inter arrival times, service times,
vacation times and set-up times are mutually independent.

Let () denote the number of customers in the system at time t, and let J(t) be
the state of server at time t. There are three possible states of the server as follows.

J(£)= the server is in a working vacation period at time ¢ and the server is free, 1,
the server is during a normal service period at time t and the server is busy . 2, the server
is in a set-up period or closed-down period at time ¢ and the server is free.

Then [J{tLN()).t=0 is a Markov process with the state space,
0 ={(0.7.j =0L2U{kjj=1k=012)

Using the Lexicographical sequence for the states, the infinitesimal generator can
be written as

‘Bpg  Cp
By, A, Cp-
= BD AD I:'_IZ
Q ED "qIZ I:'D
where
Aty) 0 A 00
By=| 0 -(+p p | G=[0 10
n 0 ~(A+7,) 0 0 A
H, 0 -(Atytu,) 0 0
B,=| 0 0 0| 4= 0 —(A+p) B
0 0 p 0 0 —~(A+4,)
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Due to the block structure of matrix Q, {@(t}.J{t)). £ = 1 is called a QBD process.

Theorem
The QBD process (Q{t).J{t))t =1 is positive recurrent if and only if
Buyt=1
proof
-7 0y
Coo=Bp+ A+ (= 0 _ﬂ ﬂ
0O 0 O

Since matrix g, is reducible, the theorem 7.3.1 in [5] gives the condition for
positive recurrence of the QBD. After permutation of rows and columns. The theorem
7.3.1 states that the QBD is positive recurrent if and only if

yi? 0 ) i>v(2 0)i

\U Up
5 0\,
V( . 3) 0,Vi=1

the QBD process is positive recurrent if and only if u = 4 The structure of A
indicates that{R(#),C(¥)} is a quasi birth death process,see Neuts [8] or Latouche and
Ramaswam[5]. To analyze this QBD process, it is necessary to solve for the minimal non-
negative solution of the matrix quadratic equation

RB,+RA,+C=0
and this solution is called the rate matrix and denoted by R.
Lemmal:
If i < u, the matrix equation 2B, | R4y | €; = 0 has the minimal non-negative
solution

Proof:
Since the matrices 4, 8, C of R2B, + RA, + €, = 0 are all upper triangular, we can
assume that R has the same structure as
T T T
R=|0 m )

. 0 0 ng
substituting B* and R into (1], we get the following set of equations.

—rz(A+ ) =10
Jop(rame +7ane Frate) ¥ + B — (A4 ) =0
F — A4+ 8 =0

r.mﬁ —(A+v+udn, +4=0

Trglp(tz + 1)+ Brag —ra (A ) =10
uptis — (A +pp) +4=0
To obtain the minimal non-negative solution of (1],by using the equation
(A+y+pp) — @y +ut —duys
2,
(the other root is>1)in the first equation of (3].

T =

1 2249-7455

(1

@

€)
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ry = = w; in the fourth equation of (%), =z = p in the last equation of (3],

2= 4.

ns =0 in the second equation of (3}, n; = p in the fifth equation of {3}, weget
SN L i 2

e = Thus, we get equation of (2.

Because r satisfies the following equation
et — (At v+ +1=0
Ay +m-n=1,
equivalently, we have
ﬁ +u,= % which completes the proof.
Theorem: The QBD process @ (t).jit). t = 1} is positive recurrent if and only if p = 1.
Proof. Based on the Theorem Neuts (12817[8], the QBD process (@{t}.J(t1 kit = [ is
positive recurrent if and only if the spectral radius SP{R} < 1, R is denoted by rate matrix
and set of equations (¥, ¥,.¥,.¥5. ¥, ¥, )E[R] = 0 has positive solution.

B o ™
B[R] = | 00 o |
\ By RB,+4,)
v ‘1 |:|
O _G+p 6 o A A
M1 0 —(Jl+?',l1_] /‘,‘ 0 W
BRI=| & 0 C -= 0 :
0 C F-G+p 1-7
0 i by 0 u A+g
0 0 —up

E[R] s an irreducible and aperiodic generator with finite state.

Therefore(x;.x;. X, X, x)B (R} = 0 has positive solution.

Thus,process  {(Q(£.J(£) )t =0} is positive recurrent if and only if
SP{R) =max(r.e,p) < 1. note that 0 < &, = 1, and 0 =< @, = 1 the above relation means
that p = 1.
Queue length distribution

If 4 = uy, let(Q. J) be the stationary limit of the QED process {({Q(£). Tt = 0}

Denote k=0 » (Toks Fageo W)
my =Pl =kj=jtz0}=t>0QE =k =)t 20 &) Ew

Using quasi birth and death process and the matrix-geometric solution method,it
is easy to get the following theorem.

Theorem:
If 4 < u;, the stationary probability distribution of {@{t).Jitl;t = 071s

T = Mgpt k= 0,
Ty = ¥8 mpp. k =0

_ __¥T h—L pj i—1—f ¥l h—L . fgh-L—jf
T =, n= o 2 &
Ik ] '_ui.[l—i‘_‘lz-'_l [y + ..1+.?_~.*Z-' =i P
L A+ )4y — i) ¥e E—1
1L i Hyt) , k=1,
+ua{ 4 .1+.?J"} ] -

where
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¥

[_ —_—

1—r+ Py

Tpp =

] ']r’:l I +8-1 ] 1
! +_|r3:] A+ e(1-pi1l-8) ]

Proof.
With the matrix-geometric solution method see[3]or[7], we have
Ty T (B Tag Tug ) (Fpw nll-’””:lj‘qk—l’ k=l
and (mgg,T10,T2p, Tot, 11,7y satisfies the set of equations
(Mo e Tag. T1q. T2 JB[R] = 0 substituting E[R] in {5 into the above relation, we
obtain

F—(A+ ¥y + 11T F T =10
¥y —(A+ B,y =0
By — ':-1 + )% + ppTy =0

T Auegp — .'n!-m_ -0
Amyy — .1 +fmy, =0
¥
T"Tm + A+ By — Ty

A +
T T

asking m, as a known constant, we get

4= R e i dy L A+ i
(Tpp. Fyg: Tap: Tpp 3. Fag } = 'er_\ {1 T n:.1+.5‘j:’;(1m A+y—uyr)— ﬁ] .

] i+g5° My
and R* = (’-’“

it riphtio of EEEpietI0 0 p)az1

Substituting (my,. 7,4, 724} and RE-1 into (6), we obtain (5)
Finally, =, can be determined by the normalization condition.

with(6), the probabilities of the server in various state are as follows, respectively
1

P{J=03} = E, mo = ooy,

P{ the server is in a Closed-down period }=m=my, ﬁa
P{ the server is in a set-up period } = X, my; = myp %

Bell=17

Pithe server isin regular service period} = E-“ o Tk

= S LA E—-1 —_| K- _| K- 1—_|
HDD[ pli- r‘l E Tdﬂ + .1+.5“|* E 1 pé u:.{ M1

JE ]

(l+ny Wa+y- ubr‘l

.1+.5‘

:HDD[.Q{]_ el —r)? Gric+p -0+ (1 -rP(A+n)A+y—u+vr
yA(p +8 —1)

-+ -
(A+/e01-p1-8)
The constant factor mg, can be determined by the normalization condition.
1

_ 1 ¥ ) . . B
Mo = 5t T s e VT T D A Ay
AB yilp +6-1) .
t ) T ar prea— -8

Now, We give stochastic decomposition structure of the number of customers Q
in system in steady-state results.
Theorem If i = u the number of customers Q in system can be decomposed into the sum
of two independent random variables: § = @, + @4, where g, is the number of customers
of a classic M /M1 queue in steady-state and follows a geometric distribution with
parameter 1 — g ; Additional number of customers @; has a modified geometric
distribution
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.(‘J'Enncd,_,k =10
P{Qd = k}:{nmm:,.'c =1 - -
ggeog (1 — )"t +ampen (1 — 8)8% Lk = 2

ISSN NO

(1 —7)(1—#)

where

= A
§ = N
, = (1-8)1-7) += {’”’* u{+y—ur—ﬁj
0 = [-p+ ﬁ]+{m+—]y]{1—r]t1—ﬂj
n, = w—m+ulJu

g

wy, = _1+;+ ] ¥l -+

—_ Too

[1-pi(i-F31-8)

Proof. With (5), the probability generatmg function of Q can be written as

@z} = En 0 T +En o TmE" +E =0 Tk
+ ¥ ¥r [o+rjE—1 yl#+pz—1)
ﬂ-’nn[l rz | (A+EIL-62) | gell-t) pll-rnil-pz | (A+H28i1-pzi1—3m
1 [rd+n) (A +y—pyt) _i] i ]
iy M1 A+8d p(i-px)
_1=p) L (1-T{-81(1-pn) | YI-NIA-8)(1-pg)
Q{z:] - .:le[ i-rz [1-Ezi(1+5)
1 [|.1+r;1‘||.1+-—u1,ﬁ S‘]ll rii-8)
' 1-r ¥roQ-n o
.1 1-r) {E + T]{l - E:]l rE _Au_l—i‘_‘u l-rz {1 E:]
¥ 1-8 ¥i—r (1-8)
' .1+.9{1 mE 1 p) l—Exz I8 1-8z
[1-11Z
E(l—ﬂz] = A-1+0r-p 1 7
1= = —
1—93 - U' E'J + iﬂ‘ E'J i— Ex
Bri-8y -
0(z) = —K[ﬂ + 0,z 40,7507 4, FEER]
where, 11, = (1- H_]{l —r) 45 {"”’* A+ 1 —ur)— '“"'?ﬁju — )1 —8),
0, = [r-p+ i +GEt —jy] 1 —r(—-8),
R, = [{T_E:]-l_ull ﬁ] (1 -8,
w, = L v -
_ 1-
(7)
Remark:
Ir— 28 -§°
E(@z) = kfe; + +_@4]E{'§?] _+ E(Q:]

Waiting Time Distribution
Denote the Waiting time analysis is very important in practical

model. Denoted

the waiting time of a customer in the system by W, we can get the following stochastic

decomposition results.
Theorem: If 4 = p,

the virtual time W can be decomposed into the sum of two

independent random variables: W = W}, + W, where W}, is the virtual time of a customer
in a corresponding classic M/M/1 queue and has an exponential distribution with

parameter u(1 — p); Additional delay W has the LST

Volume 8, Issue XI, NOVEMBER/2018

1 2249-7455

Page No:1027



International Journal of Management, Technology And Engineering

. ') g
Wils) =k[r +r pez T 1 3+3]-
where,
Al —+)
5=
r .
1—r¢ (1-6Y24 + )
Yy = oy oo — - g — 1 ey
1
¥ = g
r
1
¥z 25@4

Proof. The classical relation between the PGF of Q and the LST of Waiting time W is
@iz} = W (A(1 —z}) From Theorem 3, the PGF of the number of customers Q Can be
written as

. (1—p) . r{l1—7r) | gl1-8 _
G(z.:]—_l_ﬂzﬁ[wl-i-m-z-i-wq 1—‘?"24I+w41 iz z']
Taking z=1-=- 1n above equation, denote ——= 2271 — 5 note that
1l-p | . _ L:Il )]
1-pz '2=1-7  pe(l-pi+s
x: (-5
5= = — — 2
(A+B1-1z |x=1-1 Fiz A2 [ (21 + B) +5]
=2 - E\" =6
1-rz |3=1—i - [L—i‘_‘|+I Ir |ser o -I-S]

Substituting the above results into (*), we have

up(l - p) s 1-r| )
Wis) = ﬁf{[ﬁi"‘@:{l—]}"‘@! 1 |f.r+s_ﬂ+s
-8+ 8
toy— [ (A B) 5]
" ﬂnll o] .
W) = Up(1-p1+s Wi (=),
Therefore, Wy s is a Laplace Stieltjes transform.
Remark:

1 1
EGus) = k(v =47, 3]
E(wg) = TE(Q2)

E(W) = + E(Wy)

_r
up(l—p)
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