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Abstract: A non linear programming problem is a part of mathematical optimization. It is used in many
problems but does not give exact solution of the problem. In this case, linearization plays an important
role for solving this type of problems. The present study deals with Non-differentiable Exact Penalty
method which requires only a single unconstrained problem. Here, three stepsizerules are used: (i)
Minimization rule (ii) Limited Minimization rule (iii) Armijo rule. Stepsize of linearization method helps
in the convergence of the function. This paper tells how a stepsize rule can be chosen for convergence of
the function.
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Introduction: Firstly we will define the problem
(NLP) Minimize f|(x)
Subject to h(x)=0, g(x)<0
Where f:R" >R, h:R" > R",g:R" >R, and m<n.
Special Cases of (NLP) are
(ECP) Minimize f|(x)
Subject to /(x)=0
And
(ICP) Minimize f|(x)
Subject to g(x) <0

Here f,g,heC' on R"and the components of hand gare denoted by h,,....h, and

g,,-..,g, respectively.

NOTE: A pair (triple) of vectors is said to be a Kuhn-Tucker (K-T) pair (triple) if it satisfies the first-
order necessary optimality conditions. If (x* A, ,u*) is a K-T triple for NLP, then it must satisfies
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Vf(x* )+ Vh(x* )i + Vg(x* )u* =0,
h(x*):O, g(x*)ﬁ 0, u* >0, u;gj (x*)= 0, j=1..,r.

Non differentiable Exact Penalty Functions

In this, we will show that the solutions of (NLP) are related to the solutions of non differentiable
unconstrained problem

(NDP)Minimize f(x)+ cP(x)
subjectto x € R”

P(x) is defined by
h, (x)

Proposition 1: The vector x~ will be strict unconstrained local minimum of f + cP if

h, (x)|}and c>0.

P(x): max{O, g, (x),...gr (x),

seeey

m r
C>Z‘ﬁj ‘+z,u;
i=1 j=1

where the vector x  will be strict local minimum of (NLP) satisfying assumptions, together with

corresponding Lagrange multiplier vectors A’ and ,u* .

Inequality Constrained Problems

The general problem is defined as

(ICP) Minimize f|(x)
Subject to g(x) < 0,

And for ¢ > 0, the corresponding problem

(NDP)Minimize f(x)+ cP(x)

subjectto x € R”

for convenience, we take g (x): 0 VxeR"

so P(x)=max{g, (x).g(x)...g, (x)}

also we denote J(x)= {j‘gj (x)= P(x),j:O,l,...,r}
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and 0, (x;d):max{[Vf(x)-i- cVg, (x)]'d|j € J(x)} ,for xe R",d e R"andc >0.

Definition: A point x is said to be critical point of f° (x) + cP(x) if Vd € R" there exists

0.(x":d)>0.

We can find the descent direction of f (x) + cP(x) only at noncritical points. These directions are
obtained by the convex quadratic program given below in (d , é‘) e R™,

(OP), (x, H,J) minimize V£ (x) d + %d'Hd +cé

subject to g, (x)+ Vg, (x)d <&, jelJ,

wherec > 0

H = positive definite matrix

J = index set containing J(x), which means

0<c, 0<H, Jx)cJc{ol,...,r}

The above quadratic program has unique optimal solution.

Proposition 2: f(x+ad)+cP(x+ad)- f(x)-cP(x)=ab,(x;d)+ola) Vx e R",d € R"and
a > Oandalso lim o(a)/a=0. Then & > Oexists when @, (x;d )< 0 such that
fx+ad)+cP(x+ad)< f(x)+cP(x)  Vae(0,z]

(b) 6, (x;d ) < d Hd < 0 when (d ,& )Wﬂl be the optimal solution of quadratic program (QP)C (x,H ,J )
with d # 0 wherex € R", H >0and J(x)c J < {0,1,...,r}.

Proposition 3: The quadratic program (QP)C (x*,H ,J ) possess {d = 0,§=P(x*)}as optimal solution
for all Jand H where H > 0and J(x* )C Jc {0,1,...,r}when x will be critical the point of
f(x)+cP(x).

(b) x will be critical the point of f (x)+cP(x) whenever {d = 0,§=P(x*)}will become the optimal
solution of quadratic program (QP)C (x* ,H,J) where H > 0and J(x* )C Jc {0,1,...,1’}.
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Proposition 4: {x*,(,ul* yeees ,uj )} is a K-T pair of (ICP) then corresponding to this K-T pair, a
,u; > (0 exists such that {d " =0, {,uj| jedJ }} becomes a K-T pair for quadratic program (QP)0 (x* ,H,J )

for all J and H where H > 0and J(x* )C Jc {0,1,...,r}.
This result also holds conversely.

i.e. If we have {d T =0, {,u:| jedJ }} as a K-T pair for quadratic program (QP)0 (x* ,H,J ) for some J and
H where H > 0and J(x*)c Jc {0,1,...,r} then {x*,(,ul*,...,y: )}will be the K-T pair for (ICP). Here
also u, =0V jeJ.

Proposition 5: {d ,&=0, {,L_t ; ‘ jed }}Wﬂl become the K-T pair for (QP)C (x,H ,J ) if we have
{d, {,uj|j € J}} as a K-T pair for (QP)0 (x, H,J) with ¢ 2 Z,uj where also we define

jeJ

Jj=0

J=Jul0),  m=u, Vjed, j£0, Hy=c-Y u,.
75

Proposition 6: x" will be the critical point of f +cP, Vc if we have {x (,ul* yeees U )}as a K-T pair of

(ICP) where ¢> )" 4]

J=1

Proposition 7: If the set of gradients {Vg ; (x] jedJ (x), J# O}is linear independent ,Vx € X where

X is a compact set. Then ¢ > 0 exists with ¢ > ¢ such that:

(a) A u " € R’ exists such that (x* , ,u* )will become a K-T pair for (ICP) when x is a critical point
for f+cP where x € X .

(b) x” will become a critical point for f+cP if (x*,,u*) becomes a K-T pair for (ICP) where
xeX.

Proposition 8: For every x € X, where X is a compact set satisfying above conditions, a unique vector

ﬁ(x)= [ﬁl (x),...,ﬁ, (x)] exists, minimizing over f= (yl yees M, )the function

2
»

+ 2 [P()-g, (0 a7

Jj=1

VI(x)+Y 1, Vg, (x

Jj=1

q,(u)=

Also ﬁ(x* ): uIf (x* , ,u*) is a K-T pair for (ICP) with x~ € X where /_1( . )is continuous over X .

Proposition 9: Suppose that g,,...,g, are convex over R"and a vector X exists such that
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And for every compact set X, ¢ > 0 exists such that for all ¢ > ¢ :

(a) When x" € X and x"is a critical point of f + cP then ,u* € R’ exists such that (x*, ,u*) isa K-
T pair for (ICP).
(b) When x" € X and (x*, 7] *) is a K-T pair for (ICP), then x " is also a critical point of f+cP.

The above result will be proved with the help of following Lemma:

Lemma 10: Let X be a subset of R"i.e. X < R"such that at least one solution of system of inequalities

in d
gj(x)+ng(x)dS0, jeJ(x)
exists for each x € X . By fixing H > 0and suppose that ¢~ > 0, exists with the following properties:

For eachx € X , a set of Lagrange multipliers exists for (QP)0 (x, H,J (x))
{ ] € J }

satisfying ¢’ z
e/ (x)

then Ve > ¢ :

(a) When x~ € X is a critical point of f +cPthen z# € R” exists such that (x*, ,u*) is a K-T pair
for (ICP).
(b) When x~ € X and (x* ,,u*) is a K-T pair for (ICP), thenx" is a critical point of f+cP.

Proposition 11: Suppose that the functions f,g,,...,g, are convex over R"and at least one Lagrange

multiplier vector £~ = (,ul* yees ,u: ) for (ICP) exists such that ,u; >0, j=1,..,r,and

inf {£(x)+ " g(x)}= inf ()

xeR"

Then a vector x is a global minimum for (ICP) iffx"is a global minimum of f+cP, for every
> D H;
j=1

Linearization Algorithms Based on Nondifferentiable Exact Penalty Functions
(1) Algorithms for Minimax Problems:

Firstly we will consider the algorithm which will help us for finding critical points of f + cP where
c>0,
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P(x)=max{g,(x),g,(x)....g,(x)} ~ VxeR’
g,(x)=0 VxeR"

and f, g ; ECI, j=L...,r.Then we will go further and concentrate on algorithm and check the

convergence analysis for (ICP).

Linearization Algorithm: firstly we will choose a vector x, € R"and the kth iteration of algorithm

takes a form
X, =x,+ad,, (1)
o, = nonnegative scalar stepsize

d, = direction obtained by quadratic program in (d ,& )
o , 1
(QP)C (xk JH, ,J, )mlmmlzer(xk ) d+ Ed H,d+cé

subject to gj(xk)+Vg_/(xk)vd£§, jed,.
In this O is some positive scalar which will be fixed throughout the algorithm and H, and J, must satisfy

0<H,, Jyx)cJ, c{ol,..,r}

where J; (x, )= {j‘ g; (x,)=P(x,)-05,j :O,l,...,r},
The stepsize &, can be chosen by any of stepsizes given below:

(a) Minimization rule: In this, &, is chosen so that
[l +ayd, )+ P, + ad,)=min{f(x, +ad, )+ cP(x, +ad,)}
(b) Limited minimization rule: In this a fixed scalar s > 0 will be selected and ¢, will be chosen so

that

flx, +a,d,)+cP(x, +a,d, )= min {f(x, +ad,)+cP(x, +ad,)}

]
(c) Armijo rule: In this we select fixed scalars s,f,and o,with s>0, f E(O,l) and

o€ (0,1} and by taking o, = #" s, where m, is the first nonnegative integer for which
f(xk)+ cP(xk)—f(xk +ﬂmsdk)—cP(xk +ﬂmsdk)26,3’"sd,;dek 2)

If d, #0, then Armijo rule gives a stepsize after few steps. We can see this also as we also have
Yo >0,
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flx )+ ceP(x,)-f(x, +ad,)—cP(x, +ad, )=—ab.(x,;d, )+ o(a) 3)
>ad H,d, +o(a)

Hence if & € (0,& |and @ > 0, then we have (1—- o) d, H ,d, + o(a)> 0, using (3) we have

Fx )+cP(x,)-f(x, +ad,)-cP(x, +ad, )=cad H,d, Vae(0,z]

Also we have an integer m such that (2) is satisfied.

When we are implementing algorithm, it is convenient to solve a dual problem instead of solving
(QP)C (xk,H oo k). Dual problem which involves maximization with respect to Lagrange multipliers

U, J €Jy,is given by

1 .
Maximize 3 Vf xk Z,ung xk)} {Vf xk Z,ungj xk Z,u g; xk

JjeJk = JjeJy

Subject to Z/Jj =c, u; 20 forall jeJ,

Jjedy

It is easy to solve dual problem as it contains smaller number of variables than (QP)C (xk JH, ,J k)and

also it has a simpler constraints set.

CONVERGENCE RESULT:

Proposition 12: When the sequence {xk }is generated by the linearization algorithm and «, , the stepsize
of iteration is chosen by any of the three rules given above then y and I', two positive scalars exists such
that

y‘zz‘éz'szSF‘zz‘ VzeR", k=0.,1,.. “)

Then every limit point of the sequence {x ‘ }is a critical point of f +cP.

If xis not a critical point of f + cP then (4) can be replaced by the condition given below:

7/|w(xk]q1 ‘22‘ <zH,z< 1“|w(xk]q2

22‘ VzeR", k=0l1,..

In this W( )is a continuous function with w(x) # 0and ¢, ,q, are two nonnegative scalars.

The result of above proposition is also holds if Armijo rule takes the form
£x, )+ cP(x, )—f(xk +p™sd, ) cP(xk +p™sd, ) -oé, (xk,ﬁ””ksd ),

where &, is given by
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g, (x; d):Vf(x)'d +c max{gj (x)+ Vg, (x) d| j=0,1,..., r}—cP(x) (5)
Algorithms for Constrained Optimization Problems

The inequality constrained problem is given by

(ICP) minimize f|(x)

subject to gj(x)é 0, Jj=L..,r

As we already know that when (x* , ,u*) will become a K-T pair of (ICP) then there also exists a critical

point of f + cPprovided c¢ 2> Z ,u; . For finding the critical values of f +cP, we can apply
=l

linearization algorithm. But the difficulty with this method is only that we may not know a threshold

value for c¢. In this situation, we choose an initial value for ¢ and increase it until we can’t find adequate

value ¢, for the algorithm. And suitable value of ¢, is z y;‘ with {luﬂ jeJ, }, where {,uf | jedJ k} are
Jedy
J#0

Lagrange multipliers which are obtained by solving (QP)O (xk JH, ,J, ) . Also we know that if

¢ = D u

JjeJy
Jj#0

then (QP)0 (xk JH, ,J k) and (QP)Ck (xk,H wod Y {0}) are equivalent with d, , as a optimal solution of
the former iff (d ‘ ,O)is the optimal solution of the latter. Hence by solving (QP)O (xk JH, ,J k), we can
solve (QP)ck (xk JH, ,J, U {O}) and also we can obtain a suitable value of ¢, .

Modified Linearization Algorithm: in this, firstly we select a vector x, € R" and a penalty parameter

¢, >0 and the kth iteration of the algorithm takes the form
X =X Foyd,, Cr =Cp>

where ¢, is a stepsize parameter, chosen by any one of stepsize rules given above and here cis replaced

by ¢, which means that here minimization rules takes the form
[l +a,d )+, Plx, + ayd,)=min{f(x, + ad,)+& P(x, +ad, )}
az
Here the vector d, and the scalar c, are depends upon X, ,c,,a matrix /, and an index set J, satisfying

0<H,, Js(x,)cJ, c{oL,..,r},

where J (xk ): {]‘ g; (xk ) > P(xk )— 5,]':0,1,...,r}

where the scalar ¢ > 0is fixed throughout the algorithm.
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Now we will discuss two cases:

Case 1: When d € R" exists and satisfying
gj(xk)+ng(xk)'dS0 forall jeJ, (6)

In this we take

(QP)0 (xk JH, ,J, )rninirnize Vf(xk )'d + %d'de

subject to gj(xk)—i-ng(xk)'dSO forall jeJ,
and d, is the unique solution of (QP)0 (xk JH, ,J, )

Also c, is defined by

DN IR W

—= __)JjeJ; JjeJy
k) j=0 Jj#0
c, otherwise

where {,ujk | jeJ, } = set of Lagrange multipliers for (QP)O (xk JH, ,J k)

and £ > 0 = scalar, which is fixed throughout the algorithm.

NOTES: (1) If we have equality constraints of the form /4, (x) =0, then we can convert this into inequality

constraints of the form #, (x) <0,and -4, (x) <0. In this case, we take the quadratic program of the

form

minimize Vf(xk )'d + %d'de

subject to g, (x, )+ Vg, (x,)d<0  foralljeJ,

h(x,)+Vh(x )d=0  forallicl,

where [, = an index set containing { |1, (x, | = P(x, )~ 5}. Now &, becomes
- /ezjiyfdriezl;‘/lﬂ-kg zfjgzyfdriezlk:‘lﬂz%

ck - Jj=0 Jj#0
¢ otherwise

where {,ujk , /1f| jed,iel, } = set of Lagrange multipliers for quadratic program.
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(2) We can solve dual problem in 4, j € J, instead of solving (QP)0 (xk JH, ,J, ), which is given
by

maximize—% Vf (x, )+ Zu,Vg,»(xk)} Hk{vf(xkﬁ 2o Vg )|+ X ue,(x,)

Jedy JjeJy

subjectto £, 20,  jeJ;
Case 2: When d € R" does not exists which satisfies (6). In this case, d, and &, > 0 are the two unique
solutions of

(QP)ck (x,,H,,J, )minimize Vf(x, ) d, +%d,;dek +c, &

subject to gj(xk)+ng(xk)'d£§ jed,

here ¢, =c,.
By this, we see that if for the sequence {xk }, the system of equation (6) is feasible for an infinite number

of indices k with z ,uf 2 ¢, then the sequence {ck}generated by the above algorithm will be
jeJy, j#0

unbounded. Otherwise we will get ¢, =c for some ¢ >0and then the above algorithm will be

equivalent to the linearization algorithm.

Proposition 13: Suppose that a sequence {xk }generated by the modified linearization algorithm where

the stepsize &, can be chosen any of the manner either by minimization rule or limited minimization rule

or the Armijo rule. Suppose that two positive scalars ¥ and I" exists such that

Ao <zHz<Tl forallzeR", k=01,
(a) When k and € exists such that
¢, =¢C Vik>k, (7
Then every limit point of the sequence {xk }is a critical point of f + cP . Furthermore if the system of
inequalities
gj(xk)"'ng(xk)'dSO VjelJ, (®)

have solution for an infinite set of indices K , every limit point of the sequence {xk Lt }K is a K-T pair of
(ICP), where we have for k € K
k_(,k k
H _(/'ll ,...,,Ur )9
where (QP), (x,,H,,J, )has {,uﬂ Jje Jk} as a set of Lagrange multipliers and ,uf =0for j¢J,.
(b) When the functions g,...,g, are convex and a vector X € R" exists such that
gj()_c)<0 Vji=1..,r
and {x ‘ }is bounded, then also every limit point of {xk it }is a K-T pair of (ICP).

Conclusion: Stepsize has vital role in Linearization algorithm. In this paper, with Non-Differentiable
Exact Penalty function, different stepsize functions are discussed. Kuhn-Tucker (K-T) pair and critical
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points are discussed under certain conditions. Convergence result is also discussed. Linearization
Algorithms and Modified Linearization Algorithms based on Non-Differentiable Exact Penalty functions
are discussed.
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