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Abstract

In this paper, we establish the existence of at least three positive so-
lutions for 3n*” order three-point boundary value problem on time scales
by using Avery generalization of the Leggett—Williams fixed point the-
orem.
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1 Introduction

The theory of time scales [5, 6] was initiated by Hilger [11] in his Ph.D. thesis
in 1988. This theory unifies not only continuous and discrete theory, but also
provide accurate information of phenomena that manifest themselves partly in
continuous time and partly in discrete time. This theory is widely applied to
various real life situations like epidemic models, stock market, mathematical
modeling of physical and biological systems and certain economically impor-
tant phenomena contain processes that feature elements of both continuous
and discrete.

The existence of positive solutions of the higher order boundary value prob-
lems (BVPs) on time scales have been studied extensively due to their striking
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applications to almost all area of science, engineering and technology. To men-
tion a few papers along these lines are Henderson [10], Chyan [9], Anderson
et.al [1, 2, 3], Cetin and Topal [7, 8], Hu and Zhou [12], Prasad and Sreedhar
[13, 14, 15] and Yaslan [16, 17].

In this paper, we are concerned with the existence of positive solutions for
3n!" order BVP on time scales,

(=1 () = Fly(0, 97 (0,97 (1), (@), tE€ [hyo(ts)] (11)

satisfying the general three-point boundary conditions,

(3i—3) (3i-2) @i-1)
a3i72,1yA e (t1) + Oé3z>2,2yA v (t1) + 0431'72,3yA o (t1) =

0
(3i-3) (3i-2) @i-1)
s 11y e (ta) + 109" n (ta) + 13y o (t2) =0, (1.2)
(3i—3) (3i-2) 3i-1)

aziny®(0(ty) + sy (0(ts) +azigy™ T (o(t3) =0,

for 1 < ¢ < n, where n > 1, as;_9j, 31,03, for 7 = 1,2,3, are real
constants, t; < ty < o(t3) and f : R™ — R* is continuous.

For convenience, we use the following notations. For 1 < ¢ < n, let us
denote f;; = asi—34j1t; + @3i-31j2, Vi, = 0431'—3+j,1t32- + agig4j2(t; +o(t))) +
2033473, where j = 1,2; B, = ag;10(l3) + azio and v, = agi1(0(ts))? +
agia(o(ts) + 0%(t3)) + 2as; 5. Also, for 1 < i < n, we define

Q3i—34-5,1i), — X3i—3+k,17i; ﬁij%‘k - @'k%j

—_— R
Lk 2(0[32‘73+j,1ﬁik_a3i73+k,16ij)’ o

9
053i73+j,15ik - 043¢f3+k,151'j

where j,k = 1,2,3 and let p; = max{m;,,, M4, Mi,, },

qi = min {miz?) + \/ m2223 - Mi237 My + \/ m2213 - MilB}’

d; = 0431'72,1(5@'2%3 - 51'3%'2) — Biy (0431‘71,1%’3 - 043i,17i2) + Vi (0431'71,151'3 — asi,lﬁig)
and I;, = asi_34j10(5)0°(s) — By, (0(s) + 0°(s)) + ;,, where j = 1,2,3. We
assume the following conditions throughout this paper:

a3i,2 03i—1,2 a3i—2,2
(Al) QA3i_21 > 0, asi—1,1 > 0, Qa351 > 0 and @it > P > a1’
forall 1 <i <mn,

(A2) p; <ty <ty <o(ts) < ¢ and 205230321 > 03 95,
20631‘_1,3(){&‘_171 < a%i—1,27 20433‘730631"1 > Oé%l-z, for all 1 S 1 S n,
(A3) mZ, > M;,,, m?, < M;,,, m?, > M;, and d; > 0, for all 1 <i <n,

123 129 113

(A4) The point t € [t1,0(t3)] is not left dense and right scattered at the same
time.
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The rest of the paper is organized as follows. In Section 2, we construct
the Green’s function for the homogeneous problem corresponding to (1.1)-
(1.2) and estimate bounds for the Green’s function. In Section 3, we establish
a criteria for the existence of at least three positive solutions for the BVP
(1.1)-(1.2) by using Avery generalization of the Leggett—Williams fixed point
theorem.

2 Green’s function and bounds

In this section, we construct the Green’s function for the homogeneous prob-
lem corresponding to (1.1)-(1.2) and estimate bounds for the Green’s function.
For 1 < i < n, let G;(t,s) be the Green’s function for the homogeneous

BVP,
—y2 () =0, telt,ots)], (2.1)

satisfying the general three-point boundary conditions,

asi—21Yy(t) + 0631'72,21/A(751) + 32 3y (751

) =0,

azic11Y(t2) + asic12y™ (ta) + azi13y° “(t2) =0, (2.2)
siny (0 (ts)) + iy (0 (ts)) + asisy™ (o(ts)) = 0.

Lemma 2.1 For 1 <i <n, the Green’s function G;(t, s) for the homogeneous
BVP (2.1)-(2.2) is given by

( Gy (t,s), t1<o(s) <t<ty<o(ts)
Cilts) | G(s) t<t<s<ty<o(ts)
te[tth] 192 ) 1> 2 g 3
ng 8, t1§t<t2<8<0'<t3)
Gi(t,s) = (2.3)
GM S, t1<t2<0'(8)<t30'(t3>
tetz, Gzo 5, t1<t2§t<8<0(t3)
L Glﬁ S, t1§0(8)<t2<t<0(t3)
where
1
Gi,(t,s) = 24, [—(Biyvis — Bisin) + t(Qzic11%is — X3i1%iy) — t2(043z—1,15i3—
a3¢,1ﬁ¢2)]li17
Gi,(t,s) = 2, [—(BiyYis — BisYiy) + t(Q3i—2.1%is — Q3i1%iy) — tz(&3z’—2,15i3—

a3i1Bi)liy + [(BiyVia — BisVin) — t(Qsi—21%iy — X3i—1.17%iy )+
tQ(CY?,i—zlﬁiQ — agi—1.10i)]lis 1
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G, (1, s) :2Ldi[(ﬁi1’7i2 — Bin¥ir) — t(azi—21%i, — Q3ic11%i) + 2 (Qsi—2.1 B —
asi—1,104)]lis,

Gi,(t, s) :22 {[=(Binis — BisYia) + tlousim1,1%i, — 3i1%i,) — t°(si-1,18i,—
351 Bin )|y + [(Birvis — Bisvin) — t(asizo,1%iy — 3617 )+
tz(&3i72,1ﬁi3 — i1 04|l }

1

Gis(t, s) 22—di[(ﬁz‘ﬂi2 — Biviy) — t(azi—21Vi, — @3i-11%i,) + t2(a3i—9.1 8, —
@3i—1,15i1)]li37

Gig(t,s) :2; [—(BiVis — BisVia) + t(3i-11%i5 — Q3i.1%in) — 12 (t3i—1.1 815 —
s 3, )]lil .

Lemma 2.2 Assume that the conditions (Al)-(A4) are satisfied. Then, for
1 <i<mn, the Green’s function G;(t,s) satisfies the following inequality,

miGi(o(s),s) < Gi(t,s) < Gi(a(s),s), forall (t,s) € [t1,0(ts3)] X [t1,13],
(2.4)

where

Gulo(ts).s) Cultns)  Gultr.s) Gm(a(tg),s)}d_

0<mi:mm{ Cilt1r5)  Crl0(t2).) Calo(t).5) Giyltr.)

Lemma 2.3 Assume that the conditions (Al)-(A4) are satisfied and G;(t, s)
as in (2.3). Let us take Hy(t,s) = G1(t,s) and recursively define

a(ts)
H;(t,s) = / H;_1(t,r)G,(r, s)Ar,

t1

for2 < j <mn, then H,(t,s) is the Green’s function for the homogeneous BVP
corresponding to (1.1)-(1.2).

Lemma 2.4 Assume that the conditions (Al)-(A4) holds. If we define
n—1 n—1
K =]]K; and L=][]mL;.
s =1

then the Green’s function H,(t,s) in Lemma 2.3 satisfies

0 < Hy(t,s) < K||Gu(.,8), for all (t,5) € [tr, o(t3)] % [ti, ts]
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and

H,(t,s) > m,L||Gn(., 9)|l, for all (t,s) € [ta,o(t3)] X [t1, 3],

where m,, is given as in Lemma 2.2,

t3)
K, = / |G;(., 9)||As >0, for 1 <j<nmn,
t1

L—/ 1G;(.,9)||As >0, for 1<j<mn
to
and ||.|| is defined by

|l = max |x(t)].
o] = _max  [a(t)

Let D = {v|v : C[t1,0(t3)]}. For each 1 < j < n — 1, define the operator
T;: D — D by

a(ts)
Too(t) = / Hy(t, s)o(s)As, t € [tr, o(ts)]

t1
and these integrals are converges. By the construction of 7; and the properties
of H;(t,s), it is clear that
(=1 (Ty0) AV () = o(t), t € [t 0(t3)],

(3i—3) (3i—2) ABiI—1

a1 (Ty0)™ 7 (1) + asimao(Tw)> " (1) + asi—a3(Thv) "(t1) =0,
CY3¢—1,1(T]'U)A<3173> (ta) + a3z‘—1,2(TjU)A<3F2> (t2) + 0431‘—1,3(7}U)A(31 (t2) =0,
a1 (Ti) 2" (0 (t)) + i a(Tj) 2™ (0 (k) + azia(Ti0)>™ (o (ts)) = 0,

for 1 < i < j. Hence, we see that the BVP (1.1)-(1.2) has a solution if and
only if the following BVP has a solution,

AU + f(Taav(t), Tuozv(t), . Tio(#),0(1)) = 0, T € [folts)]  (25)

azi—210(t1) + 0631'72,2UA(t1) + 0431'72,311A2 (t1) =0,
aszi—110(t2) + 0631'71,2UA(t2) + 0431'71,311A2 (t2) =0, (2.6)
Q3i71U(J(t3)) -+ Oé3i,2UA(0'(t3)) + 0631"3UA2 (O'(tg)) 0

for i = n — 1. Indeed, if y is a solution of the BVP (1.1)-(1.2), then v(t) =
y2" V(1) is a solution of the BVP (2.5)-(2.6). Conversely, if v is a solution of
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the BVP (2.5)-(2.6), then y(t) = T,,_1v(¢) is a solution of the BVP (1.1)-(1.2).
In fact, y(t) is represented as

o(t3)
y(t) = / H,_1(t,s)v(s)As,

t1

where

o(t3)
v(s) = / Gu(s,7) f(Thq1v(7), Thioov(T), ..., Tho(T), v(T))AT.

t1

3 Triple positive solutions

In this section, we establish the existence of at least three positive solutions
for the BVP (1.1)-(1.2), by using Avery generalization of the Leggett—Williams
fixed point theorem.

Let B be a real Banach space with cone P. A map a: P — [0, o) is said
to be a nonnegative continuous concave functional on P if « is continuous and

a(Az+ (1= Ny) > da(x) + (1 — Na(y),

for all z, y € P and X € [0, 1]. Similarly, we say that a map §: P — [0, 00) is
said to be a nonnegative continuous convex functional on P if § is continuous
and

BAz + (1= N)y) < AB(x) + (1 = A)B(y),

for all z, y € P and A € [0,1]. Let 7, 3, 6 be nonnegative continuous convex
functional on P and «, 1 be nonnegative continuous concave functionals on
P, then for nonnegative numbers h’, a/, ¥/, d' and ¢, we define the following
convex sets

P(y,d)={y € Py(y) <},
P(y,a,d,d) ={y € Pld’ < aly), 7(y) <},
Q(,8,d,c)={y e PBly) < d, y(y) <},

P(v,0,a,d.b,c) ={y € Pl <aly), 0(y) <V, v(y) <},
QUy, B, W, d' ) ={y € PN <4(y), Bly) <d, v(y) <}

In obtaining multiple positive solutions of the BVP (1.1)-(1.2), the fol-
lowing Avery generalization of the Leggett—Williams fixed point theorem, so
called Five Functionals Fixed Point Theorem will be fundamental.
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Theorem 3.1 [4] Let P be a cone in a real Banach space B. Suppose a and
Y are nonnegative continuous concave functionals on P and v,5 and 0 are
nonnegative continuous conver functionals on P such that, for some positive
numbers ¢ and k,

aly) < Bly) and |y < ky(y), forall ye€ P(y,c).

Suppose further that T : P(y,c) — P(v,c) is completely continuous and there
exist constants h', d', a’, b > 0 with 0 < d' < a’ such that each of the following
15 satisfied.
(B1) {y € P(v,0,a,d,V,)|aly) > d'} # 0 and
a(Ty) > d, fory e P(v,0,a,d b, ),
(B2) {y € Qv, B, 1, &', &)|B(y) < &} £ 0 and
B(Ty) < d', fory € Q(v, 8,9, ', d', ),
(B3) a(Ty) > o, provided y € P(vy,a,d, ) with 0(Ty) >V,
(B4) B(Ty) < d', provided y € Q(~, 5,d', ) with »(Ty) < h'.

Then T has at least three fived points yi,ys,ys € P(v,c') such that

Bly) <d, a <a(y) and d' < p(ys) with alys) <d.

Let
n—1 mL
M=m, ][] = (3.1)
j=1

Let B = {v|v: C[t1,0(t3)]} be the Banach space equipped with the norm

v = max |v(t)|.
ol = ,_max Jo(t)

Define the cone P C B by

P={wveB:u(t)>0on [t,o(t;)] and mineep, o) v(t) > M|v| },

where M is given as in (3.1). Now, let I} = [2£ o(t3)] and define the non-
negative continuous concave functionals «, 1 and the nonnegative continuous
convex functionals 8, 6, v on P by

()= max [|o(t)], ¢(v)=mino(t)], B(v) = max|v(t)],

te(ti,o(ts)] I tely
a(v)= min |v(t)] and 6(v) = max |v(t)].
( ) tE[t2,U(t3)]| ( )| ( ) te[tQaU(tB)H ( )l
We observe that for any v € P,
a(v) = min | [v(#)] < maxv(t)] = 5(v) (3:2)
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and
loll < — o(t) < = [0(t)] =~ (0) (3.3)
v mln e max v = — V). .
M tclivo(ts) M tciinotrs)] M

We are now ready to present the main result of this section. We denote

M; = 1G;(., 9)||As, for 1 < j <n.

sely

Theorem 3.2 Suppose there exist 0 < o’ <V < bﬁl <  such that f satisfies
the following conditions:

(A1) fup_1,Up_9,...,u1,ug) < al -, for all (|un_1], |un—al, .-, |u1l, luol)
L, [m;LMa’ M;, “5K ] (Md',d],
(A2) f(un_l,un_Q, ...,ul,uo) > MI/(”, for all (|un—1], |tun—sl, ..., |u1], |uo|)
C/KKj /
Hjl n— 1[mij,LJ'7 T] X [12,7 bM]?
(A?)) f(un,l,un,g, ...,U17UO) < I(é_n’ fOT all (‘Umfll, |Un,2|, ceey ”LL1|, ”LLOD
M, 00, 55 x [0,

Then the BVP (1.1)-(1.2) has at least three positive solutions.

Proof: Define the operator T': P — B by

(t3)
To(t) :/ Gn(t,s)f(Th-1v(s), Th—2v(s), ..., Thv(s),v(s))As. (3.4)

t1

It is obvious that a fixed point of T is the solution of the BVP (2.5)-(2.6). We
seek three fixed points vy, ve,v3 € P of T'. First, we show that T": P — P.
Let v € P. Clearly, Tv(t) > 0, for t € [t1,0(t3)]. Also, noting that T'v satisfies
the boundary conditions (2.6). Then, we have

te[tz,d(t;;)] tE[tQ O‘(t3

(t3)
win To(t) = _min / Gt ) F (Tu_10(5), To_o0(s), ... Tyv(s), v(s)) As

>M/ Y (5 ) F (Lo t(). Toao(8). o Tro(s). 0(s)) s
a(ts)

>M Gn(t,s) f(Th-1v(s), Tn—2v(s), ..., Tiv(s),v(s))As

t1

>M||Tv|.

Hence, Tv € P and so T' : P — P. Moreover, T is completely continuous.
From (3.2) and (3.3), for each v € P, we have a(v) < 8(v) and [jv]| < Lv(v).
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To show that T": P(v,¢') — P(v,¢). Let v € P(v,¢). This implies ||v]| < CM,
Using Lemma 2.4, for 1 < j<n—1andt € [t;, (t )], we have

o(ts)
Tiv(t) = / H;(t,s)v(s)As

t1
C/ o’(tg)

<— H;(t,s)As

olts) ‘KK,
<—K/ 1G;(. HAS—CMJ.

We may now use condition (A3) to obtain

o(ts)
v(Tv) = max )]/ Gnl(t, s)f(Th-1v(s), Tn—2v(s), ..., T1v(s),v(s))As

teti,o(ts t
C/ O'(tg)

< —
=K
Therefore, T': P(v,c') — P(v,).

We first verify that conditions (B1), (B2) of Theorem 3.1 are satisfied. It
is obvious that

Gn(s,s)As = (.

/

{ve P(v.0,0.b, . ¢

ap ©la(v) >0} #0

and

{v € Qv, 8,4, Md',d,c)|B(v) < a'} #0.
Next, let v € P(v,0, « b’,]\;, "YorveQ(y,B,v, Md,d, ).
Then, for 1 <j<n-—1,

o(t3)
Tyo(t) = /t Hy(t, )0(s)As

C/ o(ts)
< M/ Hy(t, 5)As

olts) KK,
s—K/ IG5, 5) 125 = S

and for v € P(v,0,0,V, &%, ¢),

o(ts)
Tiu(t) = / H;(t,s)u(s)As

t1

o(t3)
> mij’/ 1G5 8)| As = m, L L.

)
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and also for v € Q(v, B,v, Md',d', ),

o(t3)
Tyo(t) = / Hy(t, )0(s)As

t1
> mjLMa’/ IG;(., s)||As = m;LMa'M;.
sel
Now, we may apply condition (A2) to get
(t3)
a(Tv) = min : / Gn(t,s)f(Th-1v(s), Tn—2v(s),...,Thv(s),v(s))As

tE[tQ o(ts }

t3)
> M/ (s,8)f(Th_1v(s), Tr_2v(s), ..., Thv(s),v(s))As
v )

a’(t3

> . Gn(s,s)As =1V

Clearly, by condition (A1), we have

o(t3)
B(Tw) :max/t Gn(t,s) f(Th-1v(s), Trh—2v(s), ..., Thv(s),v(s))As

tely
al O’(tg)
< i Gn(s,s)As =d.
To see that (B3) is satisfied, let v € P(v,a, V', ) with 0(Tv) > bﬁl Using
Lemma 2.4, we get

o(t3)
o(Te) = _win / Gt ) F(Tor0(s), To_a0(s), .. Tro(s), v(s))As

tE[tz 0'(t3

U(tg)
> M / G5, 8) F(T10(5), Tog0(s)s oo Tyo(s), v(s)) A

a(ts)
> M max )]/ Gn(t, s) f(Th-1v(s), T—2v(s), ..., Thv(s),v(s))As

t€[t1,0’(t3 t

(t3)
> / Gt 8) F(To10(s), To_a0(s), ... Tro(s), v(s))As

te[tz,d(tg t
= M6O(Tv) > V.
Finally, we show that (B4) holds. Let v € Q(v, 3,d,c) with ¢(Tv) < Md'.

In view of Lemma 2.4, we have

o(ts)
B(Tw) :max/t Gn(t, s) f(Th-1v(s), Tn—2v(s), ..., Thv(s),v(s))As

tely
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(t3)
< max )}/ Gn(t,s)f(Th-1v(s), T—2v(s), ..., Thv(s),v(s))As

tE[tl,U(t'g,

o(ts)
< / G5, ) (Tor0(5), Toav(s), .. Tuo(s), v(s))As

t1

1 U(tg)
— 7 5 MG, (s,s)f(Th-1v(s), Th_2v(s), ..., T1v(s),v(s))As
1 ' (t3)
<o min / Gt 5) (T 10(s), To_gv(s), .. Tuo(s), v(s)) As

()
< —mln/ Gn(t, s)f(Th_1v(s), Tn_2v(s), ..., Tiv(s),v(s))As

We have proved that all the conditions of Theorem 3.1 are satisfied and so there
exist at least three positive solutions vy, vs,v3 € P(7,c’) for the BVP (2.5)-
(2.6). Therefore, the BVP (1.1)-(1.2) has at least three positive solutions y,
Y2, y3 of the form,

a(ts)
yi(t) = Th_qvi(t) = / H,_1(t,s)v;(s)As, i=1,2,3.

t1

This completes the proof. O
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