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Abstract- In this paper, we define (&, @ k)' generalized Geraghty contraction maps in metric-like spaces where & is an

admissible function and 0 is an altering distance function, and prove the existence of fixed points. Our results extend the
some of the known results. We provide examples in support of our results.
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1. INTRODUCTION

Banach contraction principle is one of the fundamental results in fixed point theory for which several authors
generalized and extended it both in terms of considering a more general contraction condition and a more general ambient
space. In 2012, Amini-Harindi[1] proved some fixed point results in metric-like spaces. Aydi, Karipinar [2] proved some
fixed point results in metric-like spaces with (a-¥) contractions. Recently O.Acar and Ishak Altuin [4] proved a fixed
point theorem for W k- Geraghty contraction in metric-like spaces. Khan, Swaleh and Sessa [12] studied the existence of
fixed points in metric spaces by using altering distance functions.

Definition 1.1 [1] . Let X be a nonempty set. A function 0 : X xX — [0, OO) is said to be a metric-like space on X if for
any X, y in X the following conditions are satisfied :

0 o @xy)=0 > xy

(ii) o (x,y) =0 (y,x),and

(iif) o (x,y)=0 (x,z) + o (z,v).
The pair (X, O ) is called a metric-like space.

Each metric-like O on X generates a Ty on X which has a base consisting of the family of open O - balls BO(x, €)
:xe€X,€>0 ,

where BO(x,¢) = yeX:| O (x,y) — 0 (x,x)\<e forallx e X and €>0.
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Definition 1.2 [1] (i) A sequence {X.} in a metric-like space (X, O ) converges to a point x € X if and only if
o(x,x) = lim o(x,x,,)
n—->oo
(i) A sequence { X,} in a metric-like space (X, O ) is called a Cauchy sequence lim,,— OO(xn, X)) exists (and is
finite).
(ii1)A metric —like space (X, O ) is said to be complete if every Cauchy sequence {xn} in converges , with respect to T, ,
to a point x € X
such that lim a(x, x,) = o(x,x) = limn, m - o (x,, x,,).
n—>oo

Definition 1.3[1] Let (X, O ) is called a metric-like space. A mapping T: (X, O ) =X, 0 ) is continuous if for any
sequence {X,} in X such that O'(Xn, x) - a(x, x) asn — oo,

we have 0(Tx,, Tx) = o(Tx,Tx) asn — .

Lemma 1.4 [10]. Let (X, O') be a metric-like space. Let {x.} be a sequence in X such that X,; — X , where x € X
and J(x,x) =0.

Then forally € X,

we have 11m o(xp,y) = a(x,y).

Deﬁmtlon 1 5 ([12]) A function : R" — R', R" = [0, o) is said to be an altering distance function if the
following conditions hold:

(1) @ is continuous,
(ii) @ is non-decreasing, and

(iii) @ (1) =0 if and only if = 0.

In 1973, Geraghty [8] introduced a new contractive mapping in which the contraction constant was replaced by a function
having some specific properties taken from the class of functions S, where S :{ﬂ:[O, )= [0,1)/ f(t,) >1 =1, >0 }
Definition 1.6 . [13] Let T: XxX be a self map and a: XxX — R be a function. Then T is said to be o — admissible
function if a(x, y) >1 implies a(Tx, Ty) >1.

In 2015 Karipinar. E, Alsulami H.H., Noorwali M.,[11] proved the following Geraghty theorem in metric-like space.
Theorem1.7. [11]. Let (X, 0) be a complete metric — like space and T: X = X be a mapping. Suppose
that there exists p € S such that o (T'x, Ty) < B(0O (x,y) )0 (x,y) forall

X,y in X. Then T has a unique pointu € X with a(u, u) = 0.

In 2017 Aydi H., Felhi A., and Sahmim S [3] considered a new type of Geraghty contractions in the class of
metric-like spaces and proved the existence of fixed points for the following contractive map.
Theorem 1.8. [3] Let (X, 0) be a complete metric-like space and T: X — X be a mapping. Suppose that there exists p €
Ssuchthat 0 (Tx, Ty) < B(F (x,y) )F (x,y) forall x,y inX,
where F(x,y)= O (x,y) + |0 (x, Tx) - 0 (y, Ty) |. Then T has a unique fixed point ue Xwith o(u,u) = 0.
Now, we define ¢k - generalized Geraghty contraction in metric-like spaces.
Definition 1.9. Let (X, 0) be a metric-like space and let T: X — X be a self map. If there exists B € S such that

(@(a(Tx,Ty)) < B@(K x,y))P(K x,y)

WhereK(x,y)=max{ o(x, T(x)), o(y, Tv) , w

forall x, y € X then we call Tis a ¢ - generalized Geraghty contraction in metric-like spaces.
Now we define (o, ¢k) - generalized Geraghty contraction maps in metric-like spaces where a is an admissible function

. o(x,))+ | o(x,Tx) —o(».Ty) }

and (P is an altering distance function.
Definition 1.10. Let (X, 0) be a metric-like space and let T: X — X be a self map. If there exists B € S such that a(x,
o @oTxTy) < oK « v NOE (v y)  WhereKxy)=max{o 1)) 00,1,

o(x.Tx) +o(y,Ty)
2
in metric-like spaces.

. o(xy)+ | o(xIx) —o(»,Iy)| } forall x, y € X then we call T is a (a0, - generalized Geraghty contraction

Lemma 1.10. [2] Let (X, d) be metric space. Let {x,} be a sequence in X such that d(x,+1, x,) — 0 as n — oo. If x,} is not a
Cauchy sequence then there exist an € > 0 and sequences of positive integers {m(k)} and {n(k)} with n(k) > m(k) > k and
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d(Xm@w, Xny) = €. For each k > 0, corresponding to m(k), we can choose n(k) to be the smallest integer such that d(x.),
Xnky) = € and d(Xmm, Xai1) < €. It can be shown that the following identities are satisfied.

() lim d(w, xnw) = €
k—oo
i) lim A(Xn(ky -1, Xm(iy+1) = €,
k—oo
i) lim d(p1, Xuw) = &,
k—oo

(iv) lim AXngy, Xm(kyr1) = €.
k—oo

Now, we prove the existence of fixed points of (a,@x ) generalized Geraghty contraction maps in metric-like spaces .

2. MAIN RESULTS
Theorem 2.1. . Let (X, o) be a complete metric-like space. Let T: X - X be a (o, oi)
generalized Geraghty contraction. Suppose that
(i) T is oo admissible;
(ii) there exists xo B X such that a (xo, Txo) >1;
(ii) T is continuous.
Then there exists a u B X such that o. (u;, u) = 0. Assume that in addition that (HI) if o (x, x)
=0 for some x in X, then o (x; x) > 1. Then such u is a fixed point of T.
Proof. Let xo € X be such that a (xo, Txo) >1. We define {x,} in X by x, = Tx,.1 for each n.
If X, = Xq+1 for some n € N, then x, = Tx, and hence X, is a fixed point of T. Hence, without loss of generality, we assume
that X, # Xq+1 foralln e N.
(1) Since T is a admissible, we have
a (X0, X1) = @ (X0, TXo) =1 implies a (Txo, Tx1) = o (X1, X2) > 1.
By mathematical induction,

it is easy to see that o (Xn, Xn+1) > 1 foralln € N.
We consider

o( o(xp41, Xp+2)) = o( o(Txy, Txyq))
S a(xn b xn+1) ¢(Txn > Tan)

S IB(¢(K(xn b xn+1 )))(¢(K(xn b xn+1 )) (2' 1 N 1)
Now
Tx,),+ T:
K('xn’ xn+1) = max{ O-(xn’ Txn )’ O-(xnﬂ’ Txn+l)’ O-(x", x" ), zo-(xnﬂ, x’ﬁl) ’ O-('x"’ xn+1) + | O'(.Xn, Txn) _O-(xn+l5 Txn+1) |}
O-(‘xn’ xn+ ’)’+O-(xn+ ’xn+ )
K(xn’ xn+1) = maX{ O-(an xn+1 )’ O-(an’ xn+2 )’ : l 2 4 O-(xn’ xn+1) + | O-(xn’ xn+1) _O-(xrwl’ xn+2) ‘}

2

Suppose that o(x,, X,,,) < o(x,,,, X,.,)

O-(xn > xn+1 > )7 +O-(xn+1 > xn+2 )

K(x,, x,.,) = max{o(x,, x,,), 0(xX,.1, X,,), 5 s o(x,, x,.,) + (o(x,., x,,)—0(x,, x,,,)}
Suppose that o(x,,,, X,.,) < o(x,,Xx,.,)

o(x,,x ,)+to(x ,,x )
K(xn’ xn+1) = max{ O-(xn’ xn+1)’ O-(xrwl H xn+2 )’ e 2 H O-(xn’ xn+1) + ( O-(xn+15 xn+2) - O-(xn’ xn+1)}

2
K(xn H xn+1 ) = maX{ O-(xn s xn+1 )’ O-(anrl H xn+2 )}

If maX{ O-(xn s xn+1 )’ O-(x’1+1 s xn+2 )} = o-(an b xn+2)
then from (2.1.1), we have

P(o(x,.15 X,,,)) < BP(K(x,, x, DNP(K(x,,X,.,))
< Blp(K(x,, x,  )N(@(o(x,,X,.,))
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< (p(O'()Cn+1 S )), acontradiction.
So that we havemax{ o(x,, x,,,), o(x,,,, X,,,)} = o(x,, X,,,), and hence
PO 5,020) < PO(K o 3, DK G 5)
< @(o(x,,x,,,))
Thus it follows that { ¢@(o(x,,x,,,))} is a decreasing sequence of non negative reals and  so
limnﬁw qo(a(xn 5 X0 )) exists and it is r(say). i.e., lil’l’ln_)OO (D(O'(xn s X4 )=r=0.

We now show that 7 = 0.
If >0, then from (2.1.1) we have

P(o(X,.5 X,05)) < @o(TIx,, Tx,,,)))
< Ble( K(x,, x,,))) o( K(x,, x,.,)))
< B(p( K(x,, x,.,) ¢(o(x,, x,,)),and hence
p(o(x,,» Xn12) )
p(o(x,, X))

Now on letting n —> 00, we get

T (p(o(xn+1,xn+2)) :
1= 7111—r>rolo—<pa(xn,xn+1) < rlll_llloﬁ((p(K(xn: xn+1))) < 1

So that S (@K (xp, Xp41))) = 1asn — .
This implies that lim (¢ (K (X, Xp4+1))) = 0.
n—-oo

Blo( K(x,, x,m))) <1 foreachn>1.

Since ¢( o(x,, x,.,,)) < @( K(x,, x,,,))) foralln, we have

lim ((0Cen, %41))) < 1im (9(K Cony n41))) = 0.
Hence lim (p(a(xn,xn + 1)) =0.i.e.,r=0.
n—-oo
Suppose that {x } is not a Cauchy sequence. Then by Lemma 1.11,
There exist an €< 0 and sequences of positive integers {m(k )} and {n (k)} with m(k) >n(k) >k and (i), (ii), (iii)
and (iv) of Lemma 1.11 hold.
By taking X = Xp (k) ¥ = Xm(k)-1 i 1 (2.1.1),i tfol l onghat

P(0(Xn@+1.Xmw)) = @O T (X)) TXm()-1)))
=g (fﬂ (K(xn(k)J xm(k)—l))) ¢ (K(xn(k)J xm(k)—l))

(2.1.2)
Where

K (%n(o) %m()-1)
= max{o (Xn(), TXn(k))» T Xm) -1, TXm(k)=1),
0 (2Xn0y TXn() + 0 Xm0 -1 TXmo-1)

7 (Xn(iy Xm@)-1) + 10 (Xngiy Txnw))

— 0(Xmao-1, TXm@o-1) 1}
K (X Xm(i)-1)
= max{o (Xn ) Xn()+1) 0 Xm)=1, Xm(io) )
0 (Xngey TXn@y+1) + 0 (Xm0 -1, Xm())
2
— 0 (Xm-1 Xm@)}

) U(xn(k); xm(k)—l) + IU(xn(k). xn(k)+1)
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On letting k — 00 and from the Lemma 1.11 we get
lim K (X, k), Xm@)-1 = max{0,0,0,€ +0 — 0} =€.
n—-oo

Now, we have

@ (U (Xn@iy 41, xm(k))) =B (fﬂ (K (*nco, xm(k)—l))) P (K (Xnw), Xm@)-1))
=g (fﬂ (K (o, xm(k)—l))) @ (K (Xnw), Xm-1))

=B (fﬂ (K(xn(k), xm(k)—l))) @ (0 (2na0), Xmao-1))

And hence
(0 (Xnaey+1, Xm@o))
(P(U(xn(k), xm(k)—l)

On letting k — 00 and from the Lemma 1.11, we get

1= % = Ilci—rlloﬁ((p(K(xn(k). Xmk)-1))) <1

So that 8 <<p (K(xn(k), xm(k)_l))> - lask — .

Since S €S, ¢ (K(xn(k), xm(k)_l)) —>0ask - w.i.e.,p(e) =0,

Since @ is continuous. Hence it follows that € = 0, a contradiction.

<p <(p (K(xn(k), xm(k)_l))> < 1.

Therefore {xn} is a Cauchy sequence in X, and since X is complete metric-like space, there exists U € X such that

lim x,, = u.

n—-oo

lim 6(xp,u) = o(u,u) = limo(x, x,,) = 0. (2.1.3)
n—-oo

n—-oo
Now, we show that u is a fixed point of T.
First we assume that (iii) hold. i.e., T is continuous.
In this case, we have

u= limT"(xy) = limT"*"1(x,) =T (lim T (xo)) = T(u).Therefore u is a fixed point of T in X.

Theorem 2.2. Let (X, d) be a complete metric-like space, & : X X X = R be a function and let T: X = Xbe a
(0{, (pK)generalized Geraghty contraction map. Suppose that the following conditions hold

(i) Tisa—adm ssible
(ii) there exists xo B X such that a (xo, Txo) > andset Xy = TXp_q for n=123...
(iii) If {xn} is a sequence in X such that o (X,, Xp41) 21 forallnand X, — X as N — ©° then

there exists a sub-sequence {xn(k)} of {xn} such that a(xn(k),x) > 1 forallk
Then T has a fixed point u in X.
Proof. From the proof of the theorem2.1, we have the sequence {xn}deﬁned by {xn+1} = Txy foralln = Ois a
Cauchy in ( X, O ) and converges to to some U € X . Also 2.1.3 holds, so is Cauchy sequence in (X, 0 ) and
converges tosome U € X .

1111_1)210 o(x,(k) +1,Tu) = o(u, Tu).

Now we show that Tu = u
Suppose that Tu # u.ie.,o(Tu,u) > 0.
From condition (iii), we have that there exists a sub-sequence{xn(k)} of {xn}such that a (xn(k),u) >

1 forallk.consider
o(x, (k) +1,Tu) < a(x,(k), Tu)o(Tx,(k), Tu)

< B (p(KGen (), 0)) 9 (K (ra(k),w)) — @21)
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Where
K (x,(k),u) = max{o(x,, Tx,),o(w, Tu),c(x,,u) + |o(x,, Tx,) —o(u, Tu)|}
rl),i—I}olo K(x, (k),u)

= lim maX{U(xn, xn+1): G(ur Tu), U(xn: u) + |0—(an xn+1) - U(u, Tu) |}
n-o

= o(u,Tu)
Letting k— o0 in (2.2.1)

o(u,Tu) < B ((p(K(xn(k),u))) o(o(w, Tw) <

o(u, Tu),whi dvi scontradi cti.cso that ui sa fi xedpoi nt off.

3. COROLLARIES AND EXAMPLES
In the theorem 2.1, if QD is the identity map we have the following corollary.

Corollary 3.1. Let (X , 0 ) be a complete metric-like space. Let T + X — X be a & generalized Geraghty contraction.
Suppose that

(i) T'is A admissible;

(ii) there exists Xo € X such that a (X, TXy) = 1

(iii) T is continuous.

Then there exists @ U € X such that a(u; u) =0.

Proof: Assume that in addition that (H1)

ifa(x,x) = Oforsonme x € X,thena(x,x) > 1.

Then such u is a fixed point of T.

In the theorem 2.1 , if @ = 1 is the identity map we have the following corollary.

Corollary 3.2. Let (X, 0) be a complete metric-like space. Let T : X = X bea (¢) generalized Geraghty
contraction. Suppose that

1) T is a admissible;
(i1) there exists xo € X such that a (xo, Txo) >1
(ii) T is continuous.

Then there exists a u € X such that a (u; u) = 0. Assume that in addition that (H1) if 0 (x, x) = 0 for some x € X , then
a (x; X) > 1.Then such u is a fixed point of T.
The following is an example in support of the theorem 2.1.

Example:3.3
LetX = [0,0)and o(x,y) = x + y.Then(X,0)i sa complete metric-like space.

~ ifxeol]

= i fx ,
Wedefine T: X X X by T(x) = 2 11

6x — Y otherw se

We define : [0,00) — [0,0)by @(t) = %and

1 ifx= 3 y=1
a:XXX—>[0,oo)asa(x,y)={ Y T3

0 5 othelrwi se
Now we verify the inequality 2.1.1 when X = 7 y=-

@ Do(o(2rY)=0(®-2
KE D-20(kED)- @s(e(xC))- 5
@ Dolo(rtrd) =2 <(2).@)=s(o(xE V) w(xC V)

Therefore T satisfy all the conditions of the hypothesis Theorem 2.1 and T has a unique fixed point 0.
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