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Abstract. The aim of this paper is to introduce and study the notions of soft multi
bitopological spaces which are defined over an initial universe with a fixed set of
parameters. In this multi bitopological space the notion of pairwise soft multi open sets,
closed sets, pairwise soft multi interior and closure operators are introduced. Moreover,
some basic properties and fundamental theorems, examples and counter examples
regarding to these notions are obtained.The importance of these notions is that it is
considered to be a generalization of the notions of soft bitopological spaces, soft multi open
sets, soft multi closed sets, soft multi interior and soft multi closure in soft multi
bitopological spaces.
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1. INTRODUCTION

In the year 1999, Russian researcher Molodtsov [1], initiated the concept of soft sets as a
new mathematical tool to deal with uncertainties while modeling problems in engineering
physics, computer science, economics, social sciences and medical sciences. In 2003, Maji,
Biswas and Roy [6], studied the theory of soft sets initiated by Molodtsov. They defined
equality of two soft sets, subset and super set of a soft set, complement of a soft set, null soft
set and absolute soft set with examples. Soft binary operations like AND, OR and also the
operations of union and intersection were also defined. In 2005, D. Chen [7], presented a
new definition of soft set parametrization reduction and a comparison of it with attribute
reduction in rough set theory.

Topological structures of soft set have been studied by some authors in recent years. In
2011, M. Shabir et al. and Naim Cagman et al. initiated the study of soft topology and soft
topological spaces independently. M. Shabir and M. Naz [2], introduced the notion of soft
topological spaces which are defined over an initial universe with a fixed set of parameters
and showed that a soft topological space gives a parameterized family of topological spaces.
They introduced the definitions of soft open sets, soft closed sets, soft interior, soft closure
and soft separation axioms. Also they obtained some interesting results for soft separation
axioms which are really valuable for research in this field. N. Cagman, S. Karatas and S.
Enginoglu [8], defined the soft topology on a soft set and presented its related properties and
foundations of the theory of soft topological spaces. In 1963, J. C. Kelly [9], first initiated
the concept of bitopological spaces. He defined a bitopological space (X,t1,7,) to be a set X
equipped with two topologies t; and 1, on X and initiated the systematic study of
bitopological space. Later work done by C. W. Patty [10], I. L. Reilly [11] and others. Reilly
discussed separation axioms properties in bitopological spaces.
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The main purpose of the present paper is to introduce and study the notions of soft multi
bitopological spaces which are defined over an initial universe with a fixed set of parameters
and also generalize the notions of soft topological spaces such as open soft sets, closed soft
sets, soft interior, soft closure in a soft multi bitopological spaces. Also the notions of
pairwise open (closed) soft multi sets, pairwise soft multi interior (multi closure) operators
are introduced in a soft multi bitopological space (U,t1,15,E). The properties of these notions
and some important results related to it are obtained. The following definitions which are
prerequisites for present study are considered unless otherwise stated.

2. PRELIMINERIES:

In this chapter, we remind some basic concepts of soft multi sets. Let {U;: iel} be a
collection of universes such that N, Ui = ¢ and let {Ey; : ieK} be a collection of sets of
parameters. Let U= IT;., P(U;) where P(U;) denotes the power set of U;, E= TT;., Eyi. We
denote the family of these soft multi sets by SMS(Ug).

Definition 2.1 [1]. Let X be an initial universe and E be a set of parameters. Let P(X)
denotes the power set of X and A be a non-empty subset of E. A pair (F,A) is called a soft
set over X, where F is a mapping given by F: A—>P(X) defined by F(e)eP(X) VeecA. In
other words, a soft set over X is a parameterized family of subsets of the universe X. For
ecA, F(e) may be considered as the set of e-approximate elements of the soft set (F,A).

Definition 2.2 [2]: Let t be the collection of soft sets over X, then 1 is said to be a soft
topology on X if it satisfies the following axioms.

(1) ¢ , X belong to .
(2) The union of any number of soft sets in t belongs to 7.

(3) The intersection of any two soft sets in t belongs to .

The triplet (X,t,E) is called a soft topological space over X. Let (X,t,E) be a soft topological
space over X, then the members of t are said to be soft open sets in X. A

soft set (F,A) over X is said to be a soft closed set in X, if its relative complement (F,A)*
belongs to .

Definition 2.3. [3]. Let {U;: iel} be a collection of universes such that ni; U; = ¢ and let
{Eui : ieK} be a collection of sets of parameters. Let U= IT;., P(U;) where P(U;) denotes the
power set of U;, E=IT;., Ey;and A < E. A pair (F, A) is called a soft multi set over U, where
F is a mapping given by F: A—>U.

Definition 2.4. [3] For two soft multi sets F5 and Gg over U, F, is called a soft multi subset
of Gg if

(1) Ac Band,
(2) euij € ax , (euis, Feum)é (euij» Geuiyj)-
where, axe A, K= {1,2,3, ...... n},i={1,2,3,....... ,m} and j = {1,2,3,.....,r}.

This relationship is denoted by Fa £ Gg. In this case, Gg is called a soft multi super set of
Fa.

Definition 2.5. [3] Two soft multi sets F5 and Gg over U are said to be equal if Fa is a soft
multi subset of Gz and Gg is a soft multi subset of Fa.

Definition 2.6 [3]. A soft multi set (F, A) over U is called a null soft multi set denoted by
¢ if forall acA, F(a)=9.
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Definition 2.7 [3]. A soft multi set (F, A) over U is called an absolute soft multi set denoted
by A, if forall acA, F(a)=U.

Definition 2.8 [3]. For any soft multi set (F, A), a pair (eyi,;,Feuij ) is called a U;- soft multi
part, V eui,j €a, and Feuij < F(A) is an approximate value set, where, F(A) < U = I

P(Ui),aceA, ke{1,2,3,..,n},ie{1,2,3,..m} and je{1,2,3,...r}.
Definition 2.9 [3]. Union of two soft multi sets (F, A) and (G, B) over U denoted by (F,A)
v

(G, B) is the soft multi set (H, C), where C= AUB and VeeC,
F(e),ifec A—B
H(e)= <G(e),ifee B— A
F(e)uG(e),ifec AnB
Definition 2.10 [3]. Intersection of two soft multi sets (F, A) and (G, B) over U denoted by
(F,A) A (G, B) is the soft multi set (H, C), where C= AUB and VeeC,
F(e),ifec A-B
H(e)= <G(e),ifee B— A
F(e)nG(e),ifeec ANB
Definition 2.11[4]. The relative complement of a soft multi set (F, A) over (U,E) is denoted

by (F,A) and is defined by (F, A) ¢ = (F%, A), where F*: A—U is a mapping given by
F°(e)=U-F(e), VeeE.

Definition 2.12[4]. A soft multi set (F,A)eSMS(U, E) is called a soft multi point in (U, E),
denoted by e a), if for the element ecA, F(e) = ¢ and Ve'eA-{e}, F(e') = ¢.

Definition 2.13 [4]. A soft multi point e ) is said to be in the soft multi set (G,B), denoted
by e(F,A) E (Gl B)i If (Fl A)é (Gl B)

Definition 2.14[4]. A sub family t of SMS(Ug), is called soft multi set topology on (U, E),
if the following axioms are satisfied

~ o~

[P1]. ¢ U ez

[P2]. The union of any number of soft multi sets in t belongs to <, i.e. for any {(F*a)l keA,
index set} = 1 = O yea(Fan) et

[P3]. If (Fa), (Gg)et, then Fa ™ Gg €.

Then the pair ((U, E), 1) is called soft multi topological space. The members of t are called
soft multi open sets (or t-open soft multi sets or simply open sets) and the conditions [P1],
[P2] and [P3] are called the axioms for soft multi open sets.

Definition 2.15. [5] Let (U,t, E) be a soft multi topological space on U and Fa be a soft
multi set in U. Then the intersection of all soft multi closed set containing F, is called the
closure of F4 and is denoted by Int(F,) and denoted by Int(Fn) = O {Gg : Gg is a soft multi
open set contained in Fa}.

Definition 2.16. [5] Let (U,t, E) be a soft multi topological space on U and F, be a soft
multi set in U.Then the intersection of all soft multi closed set containing F, is called the
closure of F, and is denoted by CI(F,) and denoted by CI(Fa) =~ {Gg:Gg is a soft multi
closed set containing Fa}.
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Proposition 2.17. [12] Let | be an arbitrary set and {FEi . ieA, indexing set} <
SMS(U,14,72,E). Then, the following statements are true:

@ Fi Sy, {Fe:ieA} foreveryieA. (b) ., {Fi:ieA} F!, foreveryieA.

© [ Oy {Fe:iend = [, {FE: ieAl. (d) [, {Fe:ieAd = [, {FE
ieA}].

Theorem 2.18[4]. Let (U,ty,7,,E) be a soft multi bitopological space. Then,

@ ¢~E , Xg are soft multi closed sets.

(2 The intersection of arbitrary number of soft multi closed sets is soft multi closed
set.

3 The union of any two soft multi closed sets is a soft multi closed set.

3. SOFT MULTI BITOPOLOGICAL SPACES

In this section the notions of soft multi bitopological spaces are introduced which are
defined over an initial universe with a fixed set of parameters.

Definition 3.1: Let U be an initial universe set and E be the non-empty set of parameters.
Let, (U,t1,E) and (U,7,,E) be the two different soft multi topologies on U. Then (U,t1,72,E)
is called a soft multi bitopological space.

The two soft topologies (U,t1,E) and (U,t,,E) are independently satisfy the axioms of soft
topology. The members of t; will be called t;-soft multi open sets and the complements of
11-50ft multi open sets are called t;-soft multi closed sets.

Similarly, the members of t, will be called t,-soft multi open sets and the complements of
1,-s0ft multi open sets are called t,-soft multi closed sets.

Throughout this paper (U,t1,7,,E) denote soft multi bitopological space over U on which no
separation axioms are assumed unless explicitly stated.

Example 3.2: Let us suppose that there be two initial universes U, ={ay, a,, as} and U, =
{by, by, bs}. Let, Eus = {€ur1, €ur 2}, Euz ={€u21, €uz2}, U = UixUy, E = EiXEyy, 11 = {U Es
be FL R RS R RS RS FFE RS, FX FH FPYand 1, ={U. ¢, ,GL,
GZ,G¢,G!, GE,GE, GI,G%,GY,G GY,G2,GY ,GH, G, G} where, F, F2,
R R RS R L RS RS RS, FYOFP,GLLGE,GE LG ,G? G ,G.,GE,G?,
GY,GH,GY,G2,G G, G are soft multi sets over U, defined as follows:

FE1 = {((ur1, €u21), ({ @1, a2}, { 02})), ((Bur2: €u22).({ @2, Az}, { by, bs}))}

F|52 = {((eu11, euz21), ({ a1, as},{ b1 ,b2})), ((Eu12: €u22),({ as}{ b2}))}

Fo = {((eur, eu21), ({ ak{ b)), ((Burz: €uz2).({ ah9))}

F54 = {((éur1, €u21), ({ a1, a2 ,as},{ b1 ,b2})), ((Bu12, €u22),({ @2, As}.{ b1, b2,b3}))}

Fe = {((eurw, €v21), ({ a1 { b2}), ((Burz: €u22).( ¢, §))}

F56 = {((eur1, €uz21), ({ a1, @}, { b1 ,02})), ((Bur2: €u22).({ @2, as}{ by, bs}))}

FE7 = {((eu11, eu21), ({ a2},0)), ((Burz €u22).( 9, $))}
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Fe = {((eurs, eu2r), ({ aa.5}.{ b ,b2}), (Burz: €u22).({ sk b})}

Fe = {((eurs, €u2), (£ £ 023), ((Buras €u22).( 6, 9))}

Fe’= {((eur1, eu21), ({ a1, a3 { b1bo3)), ((Burz, €u22). (f 2s}.0))}
Fe'={((eu1a, eu21), ({ a1, 23 { b1})), ((eura u22),({ 3}.0))}

Fe’= {((eur1, eu2n), € @k { bibo3)), ((Buras €u22).(f ashd)}

Ge = {((eura, €uz1), ({ 2, ash{ b2})), ((Bu2, €u2).({ sk { b21))}
GZ={((eur1, euza), (f a1, a3 bz bs})), ((eurz: €u22).({ A ask{ bubs}))}
Ge = {((eur1, €u212), ({ a1,85}.{ b2})), ((eurz: €u22).({ aaz}{by, babs}))}
G = {((eur1, eua12), ({ a2 { b)), (Burza, u22).({ 3}, 9)}

G2 = {((eur, €uz12), L ask{ b)), ((euras, €uz2).( $:{b21)}

G2 = {((eur, euzn), (£ A £ b2}), (eurz: €u22).({ ait{ by, bs}))}

Ge = {((eur, €uza), (9:4b21), ((Buras €uz2).( 9, §))}

Ge = {((eur1, €u21), ({an,82,85}{ b2 bs})), ((Burz, €u2.2),({ asas}, {bub2,bs}))}
Ge = {((eur1, €u21), {ara2.853.{ b2})), (Bur2: €u22).( {an.az,as}{ bubabs}))}
Ge'= {((eurs: eu21), ({ au, @ ash{ b2bs})), ((usa, €u22).({ ark{bubabs}))}
Gt = {((eura, euza), (f a1, & ash{ b2,bs}), (Burz: €u22), ({A1.az.as}{ bubabs})}
G = {((eurt: euz12), ({ v, a2 ash{ b2}), ((Burza, euz2).({ ak{ bubabs}))}
Ge'= {((eura €uz12), ({2} {b2})), ((Burzn, €u22).(0,0))}

Ge'={((eur1, uz12), (a2} {b2}), ((Burzn, uz2).({ aid{bubs})}

G = {((eur, €uz12), ({ 82 a5k b2})), ((eurau, €uz2), (9:4b21)}

G’ = {((eu11, uz12), ({ a1, @ ,a5},{b2})), ((Burzs, €uzz), ({a1,85},{b1,b2bs}))}

Then (U,ty,7,,E) is a soft multi bitopological space.

Example 3.3: Let U be an initial universe set and E be the nonempty set of parameters. Soft
multi indiscrete topology t; = {U ¢, ¢: } and soft multi discrete topology T is the collection
of all soft multi sets defined over X. Then (U,ty,7,,E) is a soft bitopological space.
Definition 3.4: Let (U,t1,1,,E) be a soft multi bitopological space over U and Yg be a non-
empty soft multi subset of Ug. Then 1ty = {YFE =Ye A Fe: Feeti} and 1oy = {YGE =Yg
~ Gg: Geet,} are said to be the relative topologies on Y. Then (Y, t1y, T2y, E) is called a
relative soft multi bitopological space of (U,t1,15,E).

Theorem 3.5: If (U,11,7,,E) is a soft multi bitopological space then t = 1, A\ 1 is a soft multi
topology over U.
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Proof: (1). JE , 5E belong to 1 A T2 = 1.
(2). Let {F% : aeA, an index set} be a family of soft sets in 1, "\ 1.

Then for each aeA, F%: ety and F%: et,. This implies that O o, F'e €11 and O o F%
ETo. ThUS, CJQEA FaE E’CJ_F\’CZZ T.

(3). Let Fg, G ety 12 = 1. Then Fg, Gg 13 and Fg, G e,.
Since, FEHGE €Ty and FERGE ET) = FEF\GE E’Clﬁ’fzz T.
Thus, 11 N1, = t defines a soft topology on X.

Remark 3.6: If (U,t1,72,E) is a soft multi bitopological space, then t; J) 13 is not in general
soft multi topology on U which can be seen from the following example.

Example 3.7: In example 3.2, we find that (U,t1,7,,E) is a soft multi bitopological space but
T—rlu‘cg—{UE,¢E, F, R R, R, FRRLORSFLRS RS, R, R R, G,
G2, G, Gf, Gi, G, Gl,G!, G, GY GY GZ,GE,GH, G, G} is not a
soft multi topology on U since, FEl O Gé ={((eur1, €u21), ({a1,a2,as}.{ b1,b2}), ((eusz
€u2.2),({ azaz},{b1,b2,03})) 11 O 12

Example 3.8: Consider the universes U; ={a;, a,, as} and Uz = {bl, bz, b3} Let, Eys ={eur1,

eurzt Euz ={euz1, €uza}, U= UixU,, E = EyiXEyy, 11 = {U E ,¢E, F Yand 1, ={
UE,¢E, Gi, G2} where, F, FZ2, F2, Gt and G; are soft multi sets over U, defined as
follows:

Fe = {((eu11, eu21), ({ @} { b2})), ((Burzs €u22).({ ask{ba}))}
Fe = {((eurs, €u2n), ({ ash{ b)), (v eu22).({ @k b))}
Fe = {((eu11, eu21), ({2123}, { b2.bs})), ((Burz, euzz), ({as,ashd ba,ba}))}
Ge = {((eur1, €u21), ({ @2 a2} { bubo})), ((Bura: uz2).({ 225}, {b20:}))}
Ge = {((eur, €u21), ({ @}, {0:})), ((Bur2: €u22).({ @2} {b2}))}

Then (U,t1,75,E) is a soft multi bitopological space but t =101, = {JE ,5E, Fl
F>,Gg, G2} is not a soft multi topology on U since F2 O Gt ={((eu11, €u21),
({a1,82,83},{b1,b2,03})), ((€u12, €u22).({ a1,azyas},{b2,b3}))}€11CJTz-

4. Some properties of soft multi bitopological spaces

In this section, the notions of pairwise open (closed) soft sets, pairwise soft interior
(respectively, closure, kernel) operators are introduced and studied in a soft multi
bitopological space (U,t;,1,,E). Moreover, the basic properties and fundamental theorems of
these notions are presented. Finally, relationships between these soft sets are obtained.

Defnition 4.1. Let (U,t1,72,E) be a soft multi bitopological space. A soft multi set (G,E) over
U is said to be a pairwise open soft multi set in (U,t4,7,,E) (p-open soft multi set, for short)

if there exist an open soft multi set Gé in t; and an open soft multi set Gé in 1, such that
(GE)=G; O GZ.
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Defnition 4.2. Let (U,t3,72,E) be a soft multi bitopological space. A soft set (F,E) over U is
said to be a pairwise closed soft multi set in (U,t1,72,E) (p-closed soft multi set, for short) if
its complement is a p-open soft multi set in (U,11,75,E).

Clearly, a soft multi set (F,E) over U is a p-closed soft multi set in (U,t1,75,E) if there exist
a closed soft multi set FZin zand a closed soft multi set FZ in 75 such that (F,E) = F2

~ FZ2,where, 77 ={GeeSMS(Ug) : Geet}}, i=1,2.

The family of all p-open (closed) soft multi sets in (U,t4,7,,E) is denoted by PSOS(U,t4,7,,E)
(PSCS(U,Tl,Tz,E).

The following theorem studies the main properties of p-open (closed) soft multi sets.

Theorem 4.4. Let (U,t4,7,,E) be a soft multi bitopological space. Then,

(a) q?E , JE are p-open soft multi sets and p-closed soft multi sets.

(b) An arbitrary union of p-open soft multi sets is a p-open soft multi set.
(c) An arbitrary intersection of p-closed soft multi sets is a p-closed soft multi set.
(d) If Gee 1; N 1and Hg ePSMO(U,13,15,E), then Ge » Hg e PSMO(U, 11,12,E).

Proof. (a) Since JE €11,T,, and U~E = JE O JE, then Ug is a p-open soft multi set.
Similarly, (}fE is a p-open soft multi set.

(b) Let{ FEi s ieA, indexing set} = SPOS(U,t1,12,E). Then, FEi is a p-open soft multi set for
all i eA, therefore there exist F. et; and F,. et, such that F =F; O F,. for all ieA,
which implies that () Ff =, [Fe O Fel=[U, Fel O [, Foe ]l Now,
since 1, and T, are soft multi topologies, then[C')ieA Fi] eu and [QieA Fc let.

Consequently, Qis N FEi is a p-open soft multi set.

(c) It is immediate from the Definition 4.2, Propositions 2.17 and 2.18.
(d) It is obvious.

Corollary 4.5. Suppose that (U,t1,7,,E) be a soft multi bitopological space. Then, the family
of all p-open soft multi sets is a supra soft multi topology on X. This supra soft multi

topology we denoted by Ty, i.e., T1,= POS(U,13,10,E)=Ge={ Gt O GZ: G| et;i = 1,2} and
the triple (U,t12,E) is the supra soft topological space associated to the soft multi
bitopological space (U,t1,7,,E). The following example shows that:

(a) 712 is not soft multi topology in general.

(b) The finite intersection of p-open soft multi sets need not be a p-open soft multi set.

(c) The arbitrary union of p-closed soft multi sets need not be a p-closed soft multi set.
Example 4.6. Consider the universes U;={a;, a,, as} and U,={by, by, b3}. Let, Ey; ={eu11,
vz}, Euz ={eu21, Bu22}, U= UixU,, E =E1xEyy,, elz(euLlyeuLz), ezz(euz,l,euz,z), le{JE.
e FL, F2 F3}and ={U.,4.,GL G2} where, F},F2,F3,GLand GZ are soft multi
sets over U, defined as follows:

Fe = {((eur1.e021), { a1 { b2)), (Burz, €u22),({ ask{bs})}
FE2 = {((eu11, eu21), ({ ash{ bs})), ((Burz €u22).({ @} { b2}))}
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F|53 = {((ur1, €u21), ({ar,as},{ b2,bs})), ((Bura, €u22), ({a.as}.{ b2,bs}))}
GE = {((eur1, €u21), ({ @2, @2} { b1,b2})), ((Bus2s u22),({ 2,83} {02,0:}))}
G¢ = {((eur, euan), { L bi}), ((Bura: uz2).({ a2} £b21)}

Then (U,ty,75,E) is a soft multi bitopological space.
Clearly, t,={U. .., F* ,F2 F3,GL, G2, HL HZ2, H2} where,

Hé = F52 v Gé ={((euz1, €u21), ({anazas}.{b1,b2,bs})), ((Burz euw22), ({a, ay
as},{b2,bs}))}

Hé = FEl O Gé ={((eur1, €u21), ({a1}.{b1,b2})), ((Bur2, €u22), ({22, as}.{b2,bs}))}

HS = FE2 O Gé ={((eur1, eu21), ({as,as},{b1,bs})), ((Eu12, €u22), ({82, as}.{ b2}))} is not a
soft  multi topology on U since Hé V) Héz{((eum, eu21), ({aw,as}.{b1,b2,0s})), ((ur2,

euz2), ({2, ask{b2ba})} and HE A HE={((eur, evzr), {at{b:}), ((urz: ewza), {2z
ash{b2}))}211.

Theorem 4.7. Let (U,11,72,E) be a soft multi bitopological space. Then,

(a) Every t-open soft multi set is a p-open soft multi set, i = 1,2, i.e., 11U T, CToo

(b) Every ti-closed soft multi set is a p-closed soft multi set, i = 1, 2, i.e., 7% U1 C1°%
(=PCSMS(U,11,7,,E)).

(c) If 1, C 1, then, 13,=1, and 1°,,=1%.

Proof. Straight forward.

Lemma 4.8. Let (U,t1,1,,E) be a soft multi bitopological space. A soft multi set Gg over U is
a p-open soft multi set if and only if for all soft multi point e acGg there exists GE{™? ety
such that GEF» & Ge or there exists GE§ " et, such that GE§* < G, where GEF*
denote a t-open soft multi set containing e ), i = 1, 2.

Proof. Let Gg be a p-open soft multi set in (U,t1,72,E). Then, there exist Gé €71y and an open
soft multi set G2 et such that Ge=G; O G?Z. Now, let ¢ aeGe. Then, egae Gt O G2
which implies that e ac G or egae GZ.Then we get, egae Gt CGe or epac G C
Ge . Hence, for every egaeGe, there exists G2"*=G! e, such that GE{F™ & Gg or
there exists GEJ*'=G? et, such that G * & Ge.

Conversely, suppose that for every ega)cGe , there exists GE\F* et, such that GE{F? &

Ge or there exists GEJ* et, such that GE§* & Ge. We shall prove that Ggety,. From
hypothesis, we set 1 = (_J, - .o {GIFA E G G M e} and %, = Uegeaece ©
GE(ZF'A) é Ge: GE(ZF'A) E’Cz}. Then, 2 sz = Gg. Since, 21ETL and Yo ETy, thus Ge e11o.

Definition 4.9. Let (U,t1,72,E) be a soft multi bitopological space and let Gee SMS(Ug). The
pairwise soft multi closure of Gg, denoted by smcl,(Gg), is the intersection of all p-closed

soft multi super sets of (Gg), i.e., smcly(Ge)={Fe e 7, : Ge CFe }-

Clearly, smcly(Gg) is the smallest p-closed soft set containing Ge.
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Theorem 4.10. Let (U,t4,1,,E) be a soft multi bitopological space and let Gg, He eSMS(GE
). Then, () smcly(de) =@ and smel,(U . )=U .

(b) Ge < smcly(Gg).

(c) Ge is a p-closed soft set if and only if Gg = smcly(Gg).

(d) Ge SHe) = smely(Ge ) S smcl,(Hg).

(e) smcly(Ge) O smely(He) S smely(Ge O He).

(f) smcl,[smcly(Ge )]= smcly(Ge ) i.e, smcly(Ge ) is a p-closed soft multi set.

Proof. Straight forward.

Theorem 4.11. Let (U,t1,1,,E) be a soft multi bitopological space and let Gg eSMS(Ug).
Then,
ermesmel(Ge ) < GEFY A G # de | VG e 1y5(er.n), Where, GET* is any p-
open soft multi set contains eg ) and ti,(er ») is the family of all p-open soft sets contains
e(F,A)-

Proof. Let e 5 esmcly(Ge ) and assume that there exists GE(F'A) €T12(eE.a)) such that

G R Ge =g, . Then, Ge & GE™N = smel, (Ge ) E smelo(GE™™) =(GE™)° which

implies that smcl (G *) A Ge =g, , which is a contradiction.
Conversely, assume that e ayzsmcly(Ge ), then e aye[smcly(Ge )]°. Therefore, [smcl,(Ge
)I° €t12(e.a))-S0, by hypothesis, [smcly(Ge )]° A Ge # ¢, a contradiction.

Theorem 4.12. Let (U, 71, ,E) be a soft multi bitopological space. A soft multi set Fg over U
is a p-closed soft multi set if and only if Fg = smcl4(Fg) A smclo(Fe).

Proof. Let Fe be a p-closed soft multi set and let e a2Fe . Then, egaesmcly(Fe )[for
smcl,(Fe) = Fel. Therefore, by Theorem 4.11, there exists GE™'® e 1y5(e.a) Such that

GF Y A Ge =4 . Since G e 115(er ), then there exists Gt et; and G2 et, such

that GEF¥=GL O GZ. Therefore, [61 U G2]Fe =@ , it follows that g1 M Fe = ¢

and Gé F\ Fe = ¢E . Since, eFAE GE(F'A) , then eFrAE Gé or ega€ Gé Implles TGN
smcl1(Fg) or e a2 smclo(Fe). Therefore, e e smcl1(Fg) A smel o(Fg). Hence, smcl 4(Fg)
A smel,(Fe) & Fe. On the other hand, we have, Fe & smcl4(Fe) M smclo(Fg) Hence, Fe
= smela(Fe) N smel o(F).

Conversely, assume that Fe = smcl4(Fe) ™ smclo(Fg). Since, smcla(Fe) is a closed soft

multi set in (U, z;,E) and smcl »(Fg) is a closed soft multi set in (U, z,E), then, by Definition

4.2, smcl 4 (Fg) ﬁsmcITZ(FE) is a p-closed soft multi set in (U,n,n,E), therefore Fe is a p-
closed soft set.

Corollary 4.13. Let (U,n,,E) be a soft multi bitopological space. Then, smcl,(Ge
)=smcl4(Ge) N smel o(Ge), ¥ Ge eSMS(Ug).

Definition 4.14. Let (U,t4,72,E) be a soft multi bitopological space and let Fg eSMS(UE).
The pairwise soft multi interior of Gg, denoted by smint,(Fg), is the union of all p-closed
soft multi subsets of (Fg), i.e., sminty(Fg) = Q{HE et He CFe }
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Clearly, smint,(Fg) is the largest p-open soft multi set containing Fe.

Theorem 4.15. Let (U,t1,15,E) be a soft multi bitopological space and let Gg, He eSMS(JE
). Then, (a) smintp(gE) = 5E and smintp(UE) = UE.

(b) if smint, (Gg) = Ge

(c) Ge is a p-open soft multi set if and only if smint,(Gg)= Ge.

(d) Ge < Hg) = sminty(Ge ) = smint,(Hg).

(e) smint,(Ge M He) & smint,(Ge ) M smint,(He).

(f) smint,[smint,(Ge )]= smint,(Ge ) i.e, smint,(Ge ) is a p-open soft multi set.

Proof. Straight forward.

Theorem 4.16. Let (U, 7, 73,E) be a soft multi bitopological space and Gg eSMS(Ug).Then,
€F.A) esmintp(GE) iff 3 GE(F'A) € le(E(F,A)), such that GE(F'A) é Ge.

Proof. Straightforward.

Theorem 4.17. Let (U, n, ,E) be a soft multi bitopological space. A soft set Gg over U is a
p-open soft multi set if and only if Gg = smcl 4(Gg) O smcl »(Gg).

Proof. Let Gg be a p-open soft multi set. Since, smcli(Gg) = Gg, i =1, 2, then smcl..(Gg)
O smcl»(Ge) E Ge . Now, let era € Ge. Then, by Lemma 4.8, there exists Gg{F» ety
such that Ge(F» < Gg or there exists Ge(F» e, such that Ge{"» < Ge. Therefore,

era €Smcla(Ge) or egpaesmclo(Ge). Hence, erae smcla(Gg) O smclo(Gg).
Consequently, Ge = smcl4(Gg) O smcl »(Gg).

Conversely, since smcl 4(Gg) is an open soft multi set in (U, z;,E) and smcl o(Gg) is an open
soft multi set in (U, 7,E), then, by Definition 4.1, smcl4(Gg) O smcl»(Gg) is a p-open soft
multi set in (U, n, ,E). Hence, Ggis a p-open soft multi set.

Corollary 4.18. Let (U,7,7,E) be a soft multi bitopological space. Then, smcl,(Ge )=
smcl4(Ge) O smcl o(Gg).

Remark 4.19. Let (U, 71, ,E) be a soft multi bitopological space. Then,

(@) smcly(Ge ) O smcly(He) = smcly(Ge O Hg), in general.

(b) smcl,(Ge ) ™ smcly(He) = smel,(Ge ™ Hg), in general.

This can be seen from the following example:

Example 4.20. Let (U, 71, ,E) be a soft multi bitopological space in Example 4.6 and let
Ge ={((eur1, euz1), ({ac}{b1,b2})), ((Bu12 €u22), ({2,83}, {b1}))}

He ={((eu11, eu21), ({as}.{b2,bs})), ((uz, €u22), ({ai}{b1,bs})}-

Then, (a) Here, smcly(Ge )= F2°, smcly(He )= G2°.

Now, SmCIp(GE ) C) SmCIp(HE )={((eUl’1, euzyl), (U,U)), ((eUlyg, eugyg), (U,{bl,b;;}))}

~

Ge UHe ={((eu11, eu2,1), {as,3},,U)), ((urzs €u22), (U{bs, b))}, smely(Ge O He) = Ue.

Thus, smcly(Ge ) O smcly(He) < smel(Ge O He) but smely(Ge) O smel,(He) = smel,(Ge
O Hp).
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(b) Here, smcl,(Ge ) A smely(He )={((eur1, euz1), ({a2}.{b2})), ((Buiz €u22), ({as},
{b1,bs}))},

Ge M He ={((eur1. €uz2), (0, {b2), ((eur2: €u2.2), (6:{bi}))}

Now , smcly(Ge M He) ={((Bur1, €u21), {a2}.{b2})), ((Bur2, €u22), (¢, {b1,b3}))}.
Thus, smcly(Ge M He) # smcly(Ge ) ™ smely(He).

Remark 4.21. Let (U, 71, ,E) be a soft multi bitopological space. Then,

() smint,(Pe M Cg )= smint,(Pe ) ™ smint,(Cg), in general.

(b) smint,(Be ) O smint,(Cg) # sminty(Be O Ce), in general.

This can be seen from the following example:

Example 4.22. Let (U, 71, ,E) be a soft multi bitopological space in Example 4.6 and let
Be ={((eu11, uz1), ({a1,82,:8s}.{02,03})), ((eurz, €u22), ({a1,82,as}, {b2,03}))}

Ce ={((eur1, €uz21), ({8283}, {b1,bs})), ((Bur2s €u22), ({a1,a2}, {b1,b2}))}

Pe ={((eu11, uz21), ({a1,32,8s},{b1,03})), ((Eu12, €u22), ({82,83}, {P1,02}))}

Then, (a) Here, smint,(Ce )= F2, smint,(Pe )= H 2,

smint,(Ce ) A sminty(Pe )={((Bu1.1, €uz21), ({as}.{ bs})), ((Bur2 €u22), (¢:{b2}))}-
Ce MPe ={((eu11, €u21), ({82,83},{ b1,b3})), ((€u12, u22), ({az}.{ b1,b2}))},

smint,(Ce M Pg) =@ . Thus, smint,(Ce M Pg) & smint,(Ce ) ™ smint,(Pe) but smint, (Ce
A\ Pg) # smint,(Ce ) A smint,(Pe).

m

(b) Here, smint,(Be )=F2, sminty(Ce )= F2,

smint,(Be ) O smint,(Ce )= F2 . (Be O Ce) = Ug, smint,(Ge O He) =U¢.

Thus, smint,(Be ) O smint,(Cg) = smint, (Be O Cg).

5. OPEN PROBLEM: In theorem, 4.10 and 4.15, it was found that smcly(Ge ) O
smcly(He) & smely(Ge O Hg) and smint,(Ge ™ He) & smint,(Ge ) M smint,(He). But
in remark 4.19 and 4.21, we find that in general, smcl,(Ge ) ™ smcly(Hg) # smcly(Ge M
He) and smint,(Bg) W smint,(Cg) = sminty(Be « Cg ). Naturally question arises is it generally
true that smcly(Ge N He) & smely(Ge ) N smely(He) and smint,(Bg) O sminty(Ce) &
smint,(Be O Ceg ) ??

6. CONCLUSION

The soft multi set theory proposed by D.Tokat and 1.Osmanoglu offers a general
mathematical tool for dealing with uncertain or vague objects. It is shown that soft sets are
special type of information system known as multi valued information system. In this work,
the notions of soft multi bitopological spaces are introduced which are defined over an
initial universe with a fixed set of parameters and also generalize the notions of soft
topological spaces such as open soft sets, closed soft sets, soft interior, soft closure in a soft
multi bitopological spaces. Also the notions of pairwise open (closed) soft multi sets,
pairwise soft multi interior (multi closure) operators are introduced in a soft multi
bitopological space (U,t1,12,E). The properties of these notions and some important results
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related to it are obtained. The following definitions which are prerequisites for present study
are considered unless otherwise stated. | hope that the findings in this paper will motivate
researcher and promote the further study on soft topological spaces to carry out a general
framework for their applications practical life.
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